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Fuel/Time Optimal Control of the Benchmark Problem

Tarunraj Singh*
State University of New York at Buffalo, Buffalo, New York 14260

Design of fuel/time optimal control of the benchmark two-mass/spring system is addressed in the frequency
domain. The optimal control profile is represented as the output of a time-delay filter, where the amplitude of the
time-delayed signals are constrainted to satisfy the control bounds. The time delays of the filter are determined
by solving a parameter optimization problem that minimizes a weighted fuel/time cost function subject to the
constraint that the tune-delay filter cancel all the poles of the system and the control profile satisfies the rigid-body
boundary conditions. It is shown that three control structures exist: a three-switch profile corresponding to the
time optimal control problem that changes to a six-switch profile corresponding to a cost function that includes
a small weight on the fuel. As the weight on the fuel increases beyond a critical value, the control profile changes
to a two-switch profile. The value of the critical weight that represents the transition of the control profile from a
six-switch to a two-switch control profile is determined.

I. Introduction

O PTIMAL control of flexible structures has been addressed by
numerous researchers. The cost functions to be optimized have

included maneuver time,1"4 quadratic cost functions of state and
control,5 fuel used,6 residual structural energy,7 variation of bound-
ary conditions to system parameters,8 etc. Design of controllers that
optimize a weighted fuel/time cost function has received consider-
ably less attention. Vander Velde and He9 proposed a technique to
approximate the control profile that minimized a weighted combi-
nation of the maneuver time and fuel consumed for flexible space
structures. Because of its approximate nature, residual vibrations
are unavoidable. Souza10 solved the weighted fuel/time problem
for an undamped harmonic oscillator exactly for any initial condi-
tions. Deriving the exact solution for the weighed fuel/time problem
is attractive since it includes, in the limit, the time optimal and fuel
optimal cases.

This paper addresses the problem of design of a fuel/time optimal
controller for a two-mass/spring system that is representative of a
dynamic system with noncollocated sensor-actuator pair. This prob-
lem, proposed by Wie and Bernstein,11 is representative of many
flexible structures, whose response is characterized by one rigid-
body mode and one vibration mode. The design of a fuel/time op-
timal controller is posed as the design of a time-delay filter that
generates a bang-off-bang profile when it is subject to a step input.
The magnitudes of the time-delayed signals are constrained to sat-
isfy the saturation limits of the actuator. Closed-form solutions of
the times delays as functions of the weighting parameter and the net
rigid-body motion are derived for the large-or (weighting parameter)
case. The optimization problem results in an integer programming
problem that uniquely determines the optimal control profile. This
paper also shows that, for a cost function with a very small weight-
ing parameter associated with the fuel, the optimal control profile is
a sequence of pulses characterized by six switches. As the weight-
ing parameter increases, the optimal control profile approaches the
well-known structure of a fuel optimal control profile characterized
by two switches.

This paper begins with the determination of the closed-form so-
lution of the two-switch bang-off-bang optimal control profile. One
of the limiting control profiles for the generic fuel/time optimal
controller is the time optimal profile, which has a three-switch
bang-bang structure. Since the two-switch control profile cannot
generate a three-switch bang-bang profile, there should exist a six-
switch control profile that can, in the limit, lead to the three-switch
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bang-bang and the two-switch bang-off-bang control profile. The
next section of this paper determines the value of the weighting
parameter that corresponds to the transition of the six-switch-to-
two-switch control profile. The paper concludes with a section that
summarizes the results.

II. Statement of Problem
Fuel/time optimal control design of a linear system

x = Ax + Bu

where x e Cft" and

- 1 < u < 1

where u e Sft, leads to a control input that minimizes

-{"Jo

(1)

(2)

(3)

where the cost function J is a weighted (a > 0) combination of the
maneuver time and fuel consumed. Define the Hamiltonian as

H(x, A, u) = 1 + a\u\ + \T(Ax + Bu) (4)

where A is the costate vector. The necessary conditions for optimal-
ity require the following equations to be satisfied:

x = Ax + Bu

u = —dez BTX\
a )

't e [0, tf]

e [0, tf]

Vf € [0, tf]

(5)

(6)

(7)

which is prescribed by Pontryagin's minimum principle and

H(x, A, M) = 1 + <x\u\ + \T(Ax + Bu) = 0 Vt e [0, tf] (8)

in addition to the boundary conditions

x(0) = 0, x(tf) = prescribed (9)

The dead-zone function dez is defined as

(10)
(j> = sgn(i/0

-1 <</> < 0 if ̂  = -1

1225



1226 SINGH

Fig. 1 Two-mass-spring system.

III. Problem Formulation
The equations of motion of a two-mass-spring system (Fig. 1) are

mxi + k(xi — x2) = u
mx2 — k(x\ — x2) = 0 (11)

where x\ and x2 represent the displacement of the first and sec-
ond mass, respectively. The eigenvector matrix 3> can be used to
decouple the equations of motion to the form

(12)

where

q + ocrq = <t>\u

(13)

The variable 9 will be referred to as the rigid-body mode and q as
the vibratory mode characterized by a frequency CD.

The objective of minimizing a cost function, which is a weighted
combination of the maneuver time and the fuel consumed, is
achieved by the design of the transfer function of a time-delay filter,
a set of zeros of which are constrained to cancel the poles of the sys-
tem. Additional constraints including actuator limits and boundary
conditions are included in the design process. We assume m = 1
and k = 1 for the generation of numerical results in this work.

IV. Control Parametrization
With the knowledge that the fuel/time optimal control profile is

bang-off-bang (proof of the preclusion of singularity intervals is
included in the appendix), we construct a time-delay filter whose
output is bang-off-bang when it is subject to a step input. The am-
plitudes of the time-delayed signals are constrainted by the bounds
on the control, requiring the determination of the time delays to
completely specify the time-delay filter.

To define the time-delay filter completely, one can formulate a
constrainted parameter optimization problem, where the parame-
ters to be determined are the time delays. To eliminate any residual
vibration of the system, the complex poles located at ±joo have to
be canceled by a complex conjugate pair of zeros of the time-delay
filter leading to the first constraint. The next constraint to satisfy the
boundary conditions is arrived at by integrating the rigid-body equa-
tion of motion. Singh and Vadali2 have illustrated that the transfer
function of a time-delay filter that generates a control profile that is
antisymmetric about its midmaneuver time has a minimum of two
zeros at the origin of the complex plane, which cancel the rigid-body
poles of the system. This fact is exploited to reduce the dimension
of the parameter search space.

We consider the problem of reorientation, i.e., a rest-to-rest ma-
neuver with boundary conditions

= 0, X l ( t f ) = x2(tf) = Of/2(t>Q

*i(0) - x2(0) = 0,

which corresponds to

X l ( t f ) = x2(tf) = 0

0(0) = ?(0) - 0, 0 ( t f ) = q ( t f ) = 0

(14)

(15)

in the decoupled state space. The two-switch control profile for a
fuel/time optimal (Fig. 2) problem is parametrized in frequency
domain as

where 72 is the midmaneuver time and 72 — 7i is the first switch
time. The transfer function of the time-delay filter that generates the
bang-off-bang control profile is

G(s) = l - (17)

From the Laplace transform of the decoupled rigid-body mode
[Eq. (12)], we have

(18)

The inverse Laplace transform leads to

0(0 = <h(\t2 - H[t - (T2 - 7\)]{I[f - (T2 - 70]2}

- Hit - (T2 + 7\)] i[f - (T2 + 7i)]2

) (19)

where H(t - 7/) is the Heaviside unit function. The final state of 0
is 9(2T2) = ef, which leads to

which can be rewritten as

(Of/<h) = (T2 - 70(72 + 70

(20)

(21)

To cancel the vibration mode, we substitute s = jco into Eq. (17),
and equating the real and imaginary parts to zero, we have

1 - cos[<w(72 - 70] - cos[o>(72 + 70] + cos(2o)72) = 0 (22)

-sin[o>(72 - 70] - sin[a;(72 + 70] + sin(2o;72) = 0 (23)

respectively. Equations (22) and (23) can be simplified to

2cos(<^72)[- cos(&>70 + cos(o)72)] = 0 (24)

2 sin(&>72)[- cos(o>ri) + cos(a;72)] = 0 (25)

respectively, leading to the constraint equation

-cos(o)7i) + cos(w72) = 0 (26)

Solving Eq. (26), we have

coT2 = ±coT{ + 2nn n = ±1, ±2, . . . , ±00 (27)

Substituting Eq. (27) in Eq. (21), we have

nn r _- — for ooT2 = oo TI + 2nn

nn
CO

0)9 f
(28)

for coT2 = —o)T\ + 2nn

The next step includes determining the integer n. The cost func-
tion to be minimized is

2

(l+a\u\)dt

which can be rewritten as

or

J =
)— for&>72 = coT\

CO

+ 2a) - — f— 4- ——
co

for a)T2 = -

(29)

(30)

-2M7T

+ 2nn
(3D
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Fig. 2 Time-delay filter.
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Since the cost J is a unimodal function for positive n (negative n
are not valid as they imply a negative cost /), we can solve for
nopt that minimizes 7, assuming n is continuous. The integer values
that flank rcopt are used to determine the optimum n. Assuming n is
continuous, we require

(32)

for optimality, which leads to

(D!

(5)'
for a)T2 =

+ 2a)0f

(33)

Since n is an integer, the value of J corresponding to the integer val-
ues of n that flank the value of n estimated by Eq. (33) are evaluated
to determine the optimum n. A point to note is that the optimal con-
trol profile leads to displacement of the rigid-body mode at midma-
neuver time, which is half the total maneuver, and the displacement
of the vibratory mode, which is zero at the midmaneuver time.

To compare the solution of the spring-mass system to a rigid-body
system with the same mass as the spring-mass system, we arrive
at a closed-form solution of the fuel/time optimum control profile
for a rigid body that has the same structure as the two-mass-spring
system. The system in question is

9 = (34)

The control profile parametrized in terms of the switch times and
the final time is

(35)

(36)

(37)

The boundary constraint leads to

Substituting Eq. (36) into Eq. (29), we have

= 2(a

The parameter T\ that optimizes the cost function is given by the
equation

which leads to

7? =

(38)

(39)

(40)

Figure 3 illustrates the cost function for different values of n.
The highlighted portion of the graph exemplifies the variation of the
optimum cost as a function of a for the benchmark problem. The
highlighted portion of the graph is tangential to the graph of the cost
function for the rigid-body case for discrete values of a.

Substituting Eq. (39) into Eq. (37), we have

Cost Function for Rigid Body Case

5 10 15 20 25 30 35 40 45 50

Fig. 3 Cost variation as function of a.

Rigid Body Solution

Spring-Mass Solution

10 20 30 40 50 60 70 80
Alpha

Fig. 4 First switch time vs a.

Since n is a constant for a specific range of a, T\ and T2 are
constant in the same interval. This implies that the optimum control
is identical for different values of a. Plotting the first switch time
and the maneuver time of the optimal controller for a spring-mass
system and a rigid body of the same mass as the spring-mass system
(Figs. 4 and 5), we see that, for certain values of a, the maneuver time
of the spring-mass case is smaller than the rigid case. However, the
cost function of the spring-mass case is always greater than or equal
to that of the rigid case. For a = 0, which corresponds to the time
optimal case, the first switch time coincides with the midmaneuver
time for the rigid-body case, leading to a control profile that is
bang-bang.

Equation (33) indicates two possible solutions that are functions
of Of and a. Plotting the cost function versus 9f and a (Fig. 6),
we see that, for small 0/, the solution corresponding to coT2 =
—a>T\ + 2nn (case 2) is optimum, whereas for large values of Of,
a)T2 = a>T\ + 2nn (case 1) leads to the optimum solution. This
results from the slope of the optimum cost curve as a function of Of
being smaller for case 1, as indicated by Eq. (31), for any a greater
than 0.
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Fig. 6 Cost function vs a. and maneuver Of.

V. Small a Control Profile
Singh and Vadali2 have shown that the control profile correspond-

ing to a = 0, i.e., the time optimal control profile, has a three-switch
bang-bang structure (Fig. 7), which is antisymmetric about its mid-
maneuver time. The structure of this control profile is radically dif-
ferent from the control profile parametrized to optimize the weighted
fuel/time cost function. This leads us to conjecture that there should
exist a control structure that in the limit can generate the time optimal
control profile and the control structure discussed in Sec. IV. The
control profile illustrated in Fig. 8, which is antisymmetric about
the midmaneuver time, satisfies this objective.

For a = 0, T\ = 0 and T2 = T3, resulting in the time optimal
control structure (Fig. 7). For a > acr, the switch times T\ = T2,
generating the control profile of Fig. 2. Here, acr is the critical value
of a at which the structure of the control profile changes from that
of Fig. 8 to that represented in Fig. 2.

The antisymmetric fuel/time optimal control profile for small a
is parametrized as

where T4 is the midmaneuver time. As in Sec. IV, the constraints for
the parameter optimization problem can be shown to be

0f = <t>»(Tt-T3
2 + T?-T?) (42)

which is derived from the rigid-body boundary condition, and

+ cos(o>r2) - cos(o>ri) + cos(<yr4) = 0 (43)

which forces the transfer function of the time-delay filter to cancel
the frequency corresponding to the vibratory mode of the system.

A parameter optimization problem is formulated to solve for the
time delays. The cost function to be minimized is

ff
= I

Jo
(1 + a\u\) dt = 2T4 + 2ct[(T4 - T3) + (T2 - (44)

Fig. 7 Bang-bang control profile.

Fig. 8 Transition control profile.

subject to constraints given by Eqs. (42) and (43). Since the con-
straints are nonlinear and there are more parameters than constraints,
there exist a potential for the existence of multiple solutions. To
prove optimality of the control profile, the control profile predicted
by the switching function should coincide with that predicted by the
parameter optimization. To determine the switching function, we
need to solve for the initial costates. We know that

(45)

We also know that the switching function has to satisfy

"srexp[-Ar(T4-r3)]~

BTexp[-Ar(r4-r2)]
—a

a
—a

a

(46)

Solving for A(0) from Eq. (46) and substituting in

u = -dez[£rexp(-ArOMO)/a] (47)

we can arrive at the control profile that should coincide with the one
predicted by the parametrization problem for optimality.

VI. Determination of acr
The vector differential equation representing the equations of mo-

tion of the two-mass-spring system is

x = AJC + Bu \u\<\ (48)
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Control Profile

alpha = 0.1

alpha = -0.1

Switching Curve

2 2.5 3
Time (sec)

" 0 1 0 0 "
0 0 0 0
0 0 0 1

_0 0 -a)2 0_

B =

' 0 "
00

0

respectively. The optimal control is given by

u(t) == -

Fig. 9 Switching function and corresponding control profile.

where jc € 9ft4, u is a scalar, and the matrices A and B are given by

(49)

(50)

(51)

where X(t) is the costate vector, which is given by the equation

A(0 = exp(-Arf)A(0) (52)

We know that the control structure of Fig. 8 is generated by the
switching function BT\(t) shown in Fig. 9.

Here, acr corresponds to the a when the switching function
BTX(t) equals a value of a and —a at times tcr and 7/ — tcr, re-
spectively (Fig. 10), i.e.,

BT X(tcr) = flrexp(-Ar;cr)A(0) = o*cr (53)

BTX(Tf - tcr) = Z?rexp[-Ar(7> - fcr)]A(0) = -otcr (54)

and to ensure that the switching function touches the lines parallel
to the abscissa with ordinate intercepts of ±acr, tangentially, we
require the slope of BTX(t) at tcr and Tf — tcr be equal to zero
(Fig. 10), i.e.,

= -J57ATexp(-Arfcr)A(0) = 0 (55)

= -£rArexp[-Ar(7> - tcr)]X(Q) = 0 (56)
tcr

Solving Eqs. (53-56), which are rewritten as

BTQxp(-ATtcr)

BTexp[-AT(Tf-tcr)]

-BTATexp(-ATtcr)

_-BTATexp[-AT(Tf-tcr)]_

A(0) =
0

0

(57)

-0.5
-a

Control Input

7Switching Function

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
Time (sec)

Fig. 10 Large a control profile.

we arrive at tcr and acr. To determine A(0), we consider the following
equations:

flrexp[-Ar(r2 - 7i)]A(0) = -a (58)

BTQxp[-AT(T2 + Ti)]A(0) = a (59)

which are satisfied at the switch times T2 — T\ and T2 + Ti, respec-
tively; the switching function evaluated at time T2

:0 (60)

(61)

which is derived from the Hamiltonian evaluated at time = zero.
Figures 4 and 5 indicate that the switch times T\ and T2 remain

constant for small a, i.e., for the range of a greater than acr and less
than a = 9.87 (for a maneuver of Of = 1). Equations (58-61) can
now be represented as

which is proven in the Appendix; and

PA(0) =
a
0

-l-a

(62)

where

P =
BTexp(-ATT2)

BT

(63)

Since T\ and T2 are constant for a greater than acr and less than
9.87, P is a constant matrix. Thus, acr and fcr are solved from the
equation

5rexp(-Arrcr)F-1

-acr

<*cr

0
-1 -Qfcr

«cr

-«cr

0

0

-BTATexp(-ATtcr)P~l

-BTATexp[-AT(Tf-tcr)]P~l

(64)
For Of = 1, the solution is acr = 0.6824.

To study the effect of the frequency of the vibratory mode on acr
and the transition switch point, the procedure delineated above is
used to generate Figs. 11 and 12 for a maneuver 0/ = 1. With the
masses being fixed, the frequency of the vibratory mode is propor-
tional to the stiffness. Hence, we study the effect of stiffness on acr
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Fig. 11 Variation of acr vs spring stiffness.

Solid Line: First-Switch Time
Dashed Line: Transition-Switch Time
Dotted Line: Mid-Maneuver Time

0 1 2 3 4 5 6 7 8 9 1 0
Spring Stiffness

Fig. 12 Variation of transition switch point tcr vs spring stiffness.

and the transition switch point. Figure 11 reveals that acr tends to
zero as the stiffness increases and increases rapidly as the stiffness
tends to zero.

Figure 12 illustrates the variation of the transition switch point
in correspondence with the first switch time and the midmaneuver
time. It is seen that the transition switch time lies between the first
switch time curve and the midmaneuver time, which asymptotically
approach each other. This makes intuitive sense, since the system
is approaching a rigid body as the stiffness increases, and with the
knowledge that acr tends to zero as the stiffness increases, the control
profile should resemble a bang-bang controller for a rigid body.

VII. Conclusions
A frequency-domain approach to the design of fuel/time op-

timal control is proposed and illustrated on the benchmark two-
mass/spring system. The exact solution to the fuel/time optimal
controller, which is a two-switch bang-off-bang control profile, is
derived for large ct. The discontinuous nature of the variation of
the switch time and maneuver time as a function of the weight-
ing parameter is illustrated. It is shown that the control profile for
the benchmark problem is exactly the same as that for the rigid-
body case for specific values of a. The presence of a six-switch
bang-off-bang profile for small a is proposed and the value of ct
corresponding to the transition from the six-switch to the two-switch
bang-off-bang profile is evaluated for a specific maneuver.

Appendix
Two results regarding the existence of singular intervals and evo-

lution of the switching function are derived. The first result precludes
the existence of singular intervals and the second result indicates that
the switching function is equal to zero at the midmaneuver time.

The fuel/time optimal problem has a singularity interval if

BT\(t) = ±a V f e [ f i , f 2 ] (Al)

This also implies that the kth derivative of Eq. (Al) is zero:
Ak

(A2)

(A3)

= 0 £ = 1,2, .at*
Substituting the solution of the costate equation

A(0 = exp(-A7OA(0)

and its derivatives into Eq. (A2), we require the following equation
to be satisfied for a singularity interval to exist:

[B AB A2B A3£]ATexp(-Arf)A(0) = 0 Vr e [ t i t t 2 ]
(A4)

Thus, singularities can exist if the system is uncontrollable or if the
A matrix is singular. Since the floating oscillator is a controllable
system and the A matrix is singular, there exists a possibility of a
singular interval.

The state-space system can be transformed into the canonical
form

x = Ax + Bu

where

(A5)

(A6)

(A7)

From Eqs. (Al) and (A7), we have

0
-OLO.

0

One of the necessary conditions for optimality is

H(x,\tu) = \+ot\u\ + \T(Ax + Bu) = 0 Vf

which in the singular interval can be represented as

H(xt A, u) = 1 + ArA* = 0 V f e [ f i , f 2 ]

which leads to the equation

~0 1 0
- . 0 0 1

0 1]±a[0
0 0 0
0 0 -co2 0

(A8)

(A9)

(A10)

(All)

which requires 0 = — 1. Thus, we have shown that the necessary
condition for optimality conflicts with the condition for the exis-
tence of singular intervals, thus, precluding the existence of singular
intervals.

The following development proves that the switching function
for the benchmark floating oscillator is zero at midmaneuver time
for a rest-to-rest maneuver.

It can be shown that the rigid-body displacement of the decoupled
equations of motion at midmaneuver time is

0(7*2) = \ (A12)
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and the displacement of the flexible mode at time T2 is

. = 0 (A13)

We now consider the separate optimal control problem with zero
initial states and final states given by

x(T2) = [±ef 0(7*2) 0 q(T2)]T (A14)

which minimizes the cost function

J= I ( l+a|nj)df (A15)

where the subscript m refers to the modified problem. Since the
displacement states are fixed and the corresponding velocity states
are free, the transversality condition requires

0 O]7 (A16)

Since the boundary conditions for this new optimal control problem
match the corresponding states for the original problem, we have

where the asterisk indicates optimal control. The switching function
for the system represented by Eqs. (48-50) is given by the equation

BTX = [0 0o 0

Since

the switching function is zero at the midmaneuver time.

A,2(0

(A19)
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