Jerk Limited Input Shapers where the delay time and the gains of the delayed signals are all
unknown. This will be followed by the presentation of a general

concept to design input shapers by including additional dynamics
Tarunraj Singh to the time-delay filter such as harmonic oscillators and first order
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2 Jerk Limited Input Shapers
The focus of this paper is on the design of jerk limited input
shapers (time-delay filters). Closed form solutions for the jerk 2.1 Undamped Systems. This section deals with the design
limited time-delay filter for undamped systems is derived followéd Jerk Limited Time-Delay filterInput Shaper which is sche-
by the formulation of the problem for damped systems. Since th@tically represented in Fig. 1. The development which follows is
jerk limited filter involves concatenating an integrator to a timefor a single mode system, but can be easily extended for multiple
delay filter, a general filter design technique is proposed whefgode systems.
smoothing of the shaped input can be achieved by concatenating he transfer function of the filter shown in Fig. 1 without the
transfer functions of first order, harmonic systems, etdntegrator element is

[DOI 101115/116538(]8 G(S) — (1_ eXK _ ST]_) + eXF( —S(2T2— Tl)) _ exq _ 25T2)),
1)

1 Introduction The output of the transfer function(§ subject to a unit step input

- ) ) is shown in Fig. 2 and its time integral is represented as
Prefiltering of command inputs to systems with underdamped

modes has been addressed by various researcheds Smith's YO =3t = (t=T)OH({A=Ty)+(t—(2T,—Ty))
Posicast Controllef1] was motivated by a simple wave cancel-
lation concept for the elimination of the oscillatory motion of XH(E= (2T, =T)) = (1=2T)) H(1=2T2))),  (2)
underdamped systems. This technique required exact knowledgeere J is the permissible jerk an@{( ) is the Heaviside Step
of the damping and natural frequency of the plant to be able fonction.y(t) should equal 1 at steady state for a DC gain of unity
eliminate residual vibrations. Singer and Seerf2y addressed which results in the constraint equation
this problem by proposing a technique to design a series of im-
pulses whose amplitudes and application time were determined so Y(2T2) = (2T, = (2To = T) + (2T, = (2T,=Ty))) =1, (3)
as to force the residual energy and the sensitivity of the residusl
energy with respect to natural frequency or damping to zero. The
filtered input was then generated by the convolution of the com- T :i ()
mand input with the impulse sequence. Singh and Vd&alpro- 1723
posed a technique to design time-delay filters whose performance. . . . ' . . .
was identical to thénput Shapingechnique proposed by SingerWﬁ'chtt"Tép.“esk t_r|1_at the f'lr‘?hsw't%ﬁ-l IS gnly Ia fur;cttkllon oftthe
and Seeringzl. Ovr ne pastdecade rumerous papers have bAITILES 1k 10 cance e undamped pojs of e syte e
published which deal with the design of discrete time and continuz . . . -
ous time prefilters for the robust vibrations control of maneuve?’-f the system. This results in the constraint equations
ing structures. These include the digital shaping filter by Murphy 1-cofwT;)+codw(2T,—T;))—cog2wT,)=0 (5)
and Watanab¢6], multi-hump input shapers by Singhose et al.él d
minimax filters by SingH 7], user specified time-delay filters by n
Singh and Vadalf5] besides others. The technique to desensitize —sin(wTy)+siN(w(2T,—T;)) —siN(2wT,)=0 (6)
the input profile to modeling errors have been used to address a . . P
slew of classic optimal control problems such as time-optimal1€S€ two constraint equations are satisfied if
[8—%0],]fuel-time optimal[11], and minimum power/jerk control- siwT,)=sinw(T,—T1)). @)
lers[12].

The input shaping/time-delay filtering technique include inforoubstituting Eq. 4 into Eq. 7, and simplyfing we have
mation of specific modes in the design process. If it is necessary »
to roll off the energy over the high frequency spectrum, additional tan(wT,) = — cot( —) 8)
constraints need to be included in the design process. Jerk limits 4
in the design process can result in control profiles which can Bghich results in the closed form solutions
tracked by actuators and which can be used to minimize the ex-
citation of the unmodeled high frequency modes of structures. T :(2“+1)7T i ©)
Muenchhof and Singhl3] present a detailed development of the 2 2w 4]’
design technique for the minimum-time jerk limited control pro-
files for maneuvering underdamped flexible structures. Lim et %I
[14], propose a technique for the design of multi-input shape 9
which permits inclusion of constraints on the jerk. This pap
addresses the problem of jerk limited input shapers for prefiltering )
command inputs to vibratory systems without rigid body modes. sin(wT,)=0, =>005< 5) =0 (10)
The paper by Muenchhof and Sinfit8] addressed the problem of
design of control profiles for systems with rigid body modes. Ther
paper will start by addressing the design of time-delay filters

For specific values of andJ, T, can equall,, which corre-
onds to the first and the second switch collapsing. From Egs. 4
ee}nd 7, this corresponds to

U)_2 177 =1,2,3 11
E*( m-+ )E, m=123... ( )
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Fig. 1 Single Time-Delay Controlled System

G(s)= %(17exp(fsT1)+ex;ifsT2)fexp(fsT3)).
12)

To satisfy the requirement that the final value of the jerk limited
time-delay filter be unity when it is driven by an unit step input

Figures 3 and 4 illustrate the variation of the switch times and
the final time of the time-delay filter as a function of varying

results in the constraint equation

Y(T3)=J(T3+T,—T;)=1. (13)

frequency and Jerk respectively. It is clear from Fig. 4, that thiy cancel the damped poles of the systensar=jw, we re-
first and second switch coincide which corresponds to the solilire a pair of zeros of the time-delay filter to cancel the damped
line intersecting the dashed line. Figure 4 is generated o8,
for which we have from Eq. 11lp==67, 18, 30, for which the
switches collapse, which corroborates the results in Fig. 4.

2.2 Damped Systems. The jerk limited time delay filter for
damped systems cannot be solved in closed form. The probl
can be solved numerically by an optimization problem.

The jerk limited time-delay filter is parameterized as
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poles of the system. This results in the constraint equations

1-e “TicogwT;)+e “T2codwT,)—e “T3cog wT3)=0
(14)

—e TisiwT,)+e T2 sin(wT,) —e T3 sin(wT4) =0,
(15)

The optimization problem can be stated as minimizationT of
subject to the three equality constraints given by Egs. 13, 14, and
15.

3 Robust Jerk Limited Time-Delay Filter

Most systems have errors in estimated damping and natural
frequencies which can result in significant residual errors when a
rest-to-rest maneuver is performed. It is therefore imperative to
design filters which can handle uncertainties in estimated model
parameters. There are multiple approaches to achieve robustness.
The simplest includes reducing the sensitivity of the residual en-
ergy of the modes, at the nominal values of estimated system
parameters. If bounds and distributions of the uncertain param-
eters are available to the designer, the minimax approach proposed
by Singh[4] can be used to arrive at filters which minimize the
maximum magnitude of the residual energy in the domain of in-
terest. In this work, robustness is achieved by placing multiple
zeros of the time-delay filter at the location of the uncertain poles
of the plant.

The added requirement of robustness results in a filter with
increased number of parameters to be determined. The approach
for the design of robust jerk limited time-delay filters is developed
for damped systems with the knowledge that the undamped sys-
tems are a sub-set of the damped system. The robust jerk limited
time-delay filter is parameterized as

G(s)= %(1—exp(—sTl)+exp(—st)—exp(—sT3)

+exp(—sT,;)—exp —sTs)). (26)

To satisfy the requirement that the final value of the jerk limited
time-delay filter be unity when it is driven by an unit step input
results in the constraint equation

Y(Tg)=I(T5— T4+ T3—Tr+Ty)=1. a7

To cancel the damped poles of the systensatr=*jw, we re-
quire a pair of zeros of the time-delay filter to cancel the damped
poles of the system. This results in the constraint equations

1-e “TicogwT;)+e “T2cogwT,)—e “TscogwT,)
+e " TacogwT,) —e “Tscog wTs)=0 (18)
and
—e "isinwT)+e T2sifwT,) —e “T3sin(wTs)
+e "Tasin(wT,)—e “TssifwTs)=0. (19)

The robustness is achieved by placing a second pair of zeros of
the time-delay filter at the estimated location of the oscillatory
poles of the system, which results in the equations
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—Tie "1sinwTy)+ T “2sin(wT,)—Tae “T3sinwT;)

N
> (—1) exp— oy T)sin(w, T)=0 for k=1,2,3 ...
+T,e 7 TasiwT,) — Tee “Tssi(wTs) =0 @0 =

(26)
The optimal solution is one which satisfies all the constraints and

—T.,e "TicogwTy)+ T, "T2cog wT,) —Tqe “T3cog wTg)  MinimizesTy . _ o _
To desensitize the filter to errors in estimated damping or fre-

and

+T4e” T4 cogwT,) —Tse 75 co wTs) =0. (21)  quency, the following constraint equations are added to the opti-
The optimization problem can now be stated as the minimizatighization problem
of T5 subject to the constraint given by Eqgs. 17-21. N

To illustrate the reduced sensitivity of the residual energy to dz (—1)'T, exp(— oy T;)sin(w, T;)=0 for k=1,2,3 ...
variations in the frequency, the response of the system was studied=1

for various values of model frequencies with a filter designed for 27
a frequency of 15 rad/s and a permitted jerk of 4. Figure 5 illugg,q

trates the improved performance of the robust jerk limited time-

delay filter. N ,
> (—1)'T exp(— o, T)cogwT;)=0 for k=1,23 ...
4 Jerk Limited Time-Delay Filters for Multimode Sys- =1
tems (28)

It can be seen that desensitizing the filter with respect to damping

_'I;]he plrprfoseddappéroach dcan ze US:d for t_hefcontrlol of S_ysge%ultaneously desensitizes the filter to the frequency as well.
with multiple under-damped modes. A generic formulation is de- 1 gegign of jerk limited time-delay filters for user specified

veloped below. The number of parameters to be optimized for cgp,o_qela ; ;
o - ys follows the process proposed by Singh and V&gl
be reduced for undamped systems by exploiting the symmetjiGg cjear that additional number of delays are required since the

characteristics of the time-delay filter. The transfer function of tr@elay times are no longer variables in the optimization process
time-delay filter is To illustrate the design of multi-mode jerk limited input

g shapers, consider the system
=- —1) exp(—sT, 22
G(9)=5 2, (~1) exa(=sT) (22) yo 225 -
whereT,=0 andN is an odd number. The unknown;} have to u(s) s*+34s%+225

satisfy the constraint equation which is characterized by two modes with frequencies 3 and 5.

N 1 For a jerk constraint of 3, the jerk limited input shaper is designed.
E (—1)*1T, == (23) The dashed line and the solid line in Fig. 6 illustrates the response
i=1 J of the system to a step input and the shaped input respectively. It

|§{clear that the residual vibration of the two modes is eliminated

which satisfies the requirement that the final value of the output X .
ter shaping the input.

the filter when it is subject to an unit step input is unity. To canc
the undamped or under-damped poles at .
5 Filtered Input Shapers
The technique presented in this work where an integrator is
the following constraints have to be satisfied concatenated to a time-delay filter to satisfy the constraint of jerk
N limited filter design can be extended by cascading other transfer
z (—1) exp— o, T))cog @, T)=0 for k=123 ... functions such as that of first order systems, harmonic systems etc.
=1

Sk:()'kijwk for k=1,2,3... (24)

25 5.1 First-Order Filtered Input Shaper. Instead of using
(25) an integrator in conjunction with a time-delay filter to account for
and the limit on the permitted jerk, one can concatenate a first order
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Fig. 8 Sinusoid Filtered Time-Delay Filter shown in Fig. 9.

Here the first time-delay filter cancels the oscillatory response
of the scaled harmonic oscillator. This truncated harmonic re-
sponse is then input to the second time-delay filter which is de-
signed to cancel the oscillatory mode of the system. Figure 10
illustrates the control profile. The benefit of this approach can be
gauged from the frequency response plots of the sinusoid filtered
time-delay filter. Figure 11 illustrates the frequency response plots

of the time-delay filter, jerk limited time-delay filter and a sinu-

filter to a time-delay filter to generate a smooth input which caky,;q fiered time-delay filter. The sinusoid filtered time delay filter
then be used to drive a time-delay fll_ter deS|gn_ed to cancel t &s been designed such that the maximum jerk of the control

! X i i tI?I%file is equal to the maximum permitted jerk. It can easily be
the proposed filter structure wheTeis a user selected time-delaygaan that the magnitude plot of the sinusoid filtered time-delay

which in the case of a discrete time implementation, can be ffiars rolis off much more rapidly compared to the time-delay
integral multiple of the sampling interval. filter and the jerk limited time-delay filter. Thus, this input will not
5.2 Sinusoid Filtered Input Shaper. Filtering with a trans- significantly excite the unmodeled dynamics.
fer function of a scaled sinusoid results in an input which emu-
lates a step input but with zero initial and final slopes. The scaliqgn
of the sinusoid transfer function is to satisfy the requirement that
the DC gain of the transfer function is unity. The sinusoid filtereg,
time-delay filter is illustrated in Fig. 8 which can be rewritten as

2 5105 4+ 0.5e 5| — ‘szﬁ22 —] Ay + AreT | —ud

Fig. 9 Sinusoid Filtered Time-Delay Filter

.3 Jerk Limits. Consider a part of the sinusoid filtered
e-delay filter illustrated in Fig. 12.
The outputp of the time-delay filter subject to a unit step input

2F

p(t)=sir(w/2t) + sirt(w/2(t— ﬂ'lw))H( t— g) (30)

and the rate of change pfwhich is the jerk is

p(t)= 5 sin(wt) + Esm(w(t—w/w))H(t—;) 31

g 1

o

Sosr 0o which implies that the maximum magnitude of the jerkwi? and

S occurs at timet= 7/2w. This is the upper bound for the jerk. It

= o8 can be seen that the jerk is zero at the start and the end of the

S o7 maneuver which results in a very practical control profile. When
04 . . . .

o the signalp is passed through the second time-delay filter, based

l on the damping present in the oscillatory pole to be cancelled, the
- 0.
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jerk can lie in the limit

[0} . [0}
—<Maximum Jerks 7 (32)

4

If the pole to be cancelled is undamped the maximum jerds/4s
sinceA, andA; are equal to 0.5. When the poles to be cancelled
contain dampingA, is greater than 0.5 and; is less than 0.5,
resulting in the maximum jerk lying in the range specified by Eq.
32.

This constraint is valid when the time-delay filter is designed to
cancel the unwanted under-damped poles. However, if the under-
damped pole has to be controlled using a robust time-delay filter,
the limits on the jerk changes, since the robust time-delay filter
uses smaller gains.

6 Conclusions

A simple technique to design filtered Input Shapers is proposed
in this paper. The paper first addresses the problem of design of
jerk limited time-delay filters which results in a ramping of the
control input. This motivates the design of filtered Input shapers
by concatenating transfer functions of a scaled harmonic oscillator
in addition to others, to result in smooth control profiles. The roll
off of the frequency response plots for the filtered Input Shapers is
used to illustrate their benefits.
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