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I. Introduction

T HE problem of choosing the appropriatenumber and locations
of actuators and sensors is an important part in the design of

any control system. The ef� ciency and performance of any control
law is greatlyaffectedby the placementof the actuatorsand sensors.
Thus, there is a need for a technique that is capable of determining
the optimal set of locations and, consequently, the minimal number
of actuators.

Several quantitative measures have been developed for the pur-
pose of selectingactuator locations to control structuralsystems.1¡5

These methods are extended for optimal actuatorplacement to con-
trol thermoacoustic instabilities. The analysis is based on the con-
cepts of the degree of controllabilityand componentcost, which are
explained later in this Note.

II. Theoretical Combustion Model
In this section, a theoretical model for a two-phase � ow in a

liquid-fueledpropulsion system is presented. The � nal form of the
conservationequations are6
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The source terms in these equationsrepresentthe exchangeof mass,
momentum,andenergybetween liquidandgasmediumin thecham-
ber. The governing wave equation is derived by expressing all de-
pendent variables in Eqs. (1–3) as the sum of mean and � uctuating
components6;7:
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n ¢ r p0 D ¡. f C fc/ (5)

where p0 is the pressure � uctuation and Na is the average speed of
sound in the chamber. Quantities h and f accommodate the in� u-
ences of mean � ow, combustion, and acoustic motions. Terms hc

and fc represent the effects of external control input.
If the source terms in Eqs. (4) and (5) are treated as a small per-

turbations of classical acoustics, the solution can be approximated
as a synthesisof normal modes Ãn , with time-varyingamplitude´n ,
and the unsteady pressure is given by6;7

p0.r; t/ D Np
1X

n D 1

´n.t/Ãn.r/ (6)

where thenormalmodeshapeÃn satis� es theclassicalacousticwave
equation.For pure longitudinaloscillations in a uniform cylindrical
chamber, the mode shape is given by Ãn D cos.n¼x=L/. When the
Galerkin method is used,Eqs. (4) and (5) are replacedby an equiva-
lent set of ordinarydifferentialequationsthat describethe amplitude
of the pressure oscillation. The linear representation of the system
dynamics is6
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where Dni and Eni are linear coef� cients associated with growth
rate and frequency shift of each mode6 and Un is the control input.
When it is assumed that the unsteady pressure � eld is monitored
by ` point sensors each at the position x j , then the measurement is
given by6

y j .t/ D Np
nX

i D 1

´i .t/Ãi .x j /; j D 1; : : : ; ` (8)

In state-space representation,Eqs. (7) and (8) are given by

Px.t/ D An £ nx.t/ C Bn £ m u.t/; y.t/ D C` £ n x.t/ (9)

where n, m, and ` are number of states, inputs, and outputs,
respectively.

III. Optimal Actuator/Sensor Placement Algorithm
The conceptof controllabilityis closelyrelated to the existenceof

a feasible control law that makes the closed-loopsystem stable with
respect to a desired state or trajectory.Several algorithms are avail-
able to test the systems controllability2; however, from these tests,
one can only arrive at a binary (yes/no) answer: It does not state
how controllable the system is.

As an improvementover the binary controllabilitytests, Hamdan
and Nayfeh2 proposed two quantitativemeasures that provide infor-
mation of how controllableeach mode is. Those measures make use
of the angle between the left eigenvectors of the system matrix A
and the columnsof the controlin� uencematrix B as shown in Fig. 1.
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Fig. 1 Hamdan and Nayfeh approach.2

The � rst measure is de� ned as

cos µi j D

­­qT
i b j

­­
kqi kkb j k

(10)

where q0
i are the eigenvectors of the system matrix A satisfying

AT qi D ¸i qi , with ¸i being the i th eigenvalue of A. The angle µi j

is a measure of the controllability of the i th mode from the j th
actuator input and is taken to be acute. As µi j approaches 90 deg,
the in� uence of the j th on the i th mode diminishes.

Using this preposition, we can calculate a n £ m matrix of mea-
sures of controllability, whose i j th element is computed using
Eq. (10). This matrix is designated as cos.2/. To account for the
differentpower levels from different inputs on each mode controlla-
bility, Hamdan and Nayfeh2 de� ned the following m £ m diagonal
matrix D:

D D diag[kb1k; kb1k; : : : ; kbmk] (11)

De� ne fi as the i th row of Fn £ m D .cos 2/D. The Euclidean norm
of the vector fi is de� ned as the gross measure of controllability½i

given by

½i D k fi k

where f T
i D [cosµi1kb1k cosµi2kb2k : : : cosµim kbmk]

(12)

Each entry of the vector fi is the length of the component of a
column vector of B in the direction of qi . The effective power in
controllingthe i th mode dependson the componentof the vector b j

in the direction of qi . If the latter component is zero, then the j th
input does not inject any power into the i th mode.

IV. Component Cost and Performance Measures
The component cost can be de� ned as the fraction of the system

performancemetric V dueto theparticipationof eachstatevariables.
The contributionof each mode or physical state variable to the cost
function can be used as a measure of the relative importance of
that state. The cost function V and the contribution Vxi of the state
variable xi can be computed as follows1;3:
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where Cd and Qv are output matrix and weighting matrix, respec-
tively, and X is de� ned as the controllability gramian that satis� es
the Lyapunov equation (see Ref. 3)

X AT C AX C B BT D 0 (14)

Motivated by the concepts of degree of controllability and the
component and modal costs presented, the weighted measure of

controllability® is

® D
nX

i D 1
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V
½2
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where ½i is de� ned in Eq. (12).
We considera varietyof objectivefunctionsto determinethe opti-

mal locationof the actuators based on the linear combustion model.
These objective functions are based mainly on the concepts of de-
gree of controllability and component cost just discussed. These
concepts are also used to modify some previously reported perfor-
mance measures.

Becausethe systemis notstable,it is necessaryto � nda stabilizing
state feedback gain matrix K . This matrix is not unique; its choice
dependson the desired system response.The reciprocalof the norm
of the gain matrix K needed to place the system poles at the desired
location vs the actuator location is shown in Fig. 2, which can be
used as a criterion for selecting the actuator location.

The most effective position of single input/single output (SISO)
arrangement is the head/end position, where the gain is minimum.
The spikeson the curves correspondto pointswhere certainmode is
uncontrollable,which theoreticallymeans an in� nite gain is needed
to stabilizethat particularmode; therefore,these locationsshouldbe
avoided. In terms of Eq. (10), these in� nite gain points correspond
to the points at which µ is closed to 90 deg.

In the rest of this Note, we will be studying a variety of cost
functionsto determinethe relationshipbetween the optimal actuator
location and the power consumed.

The total cost function V de� ned in Eq. (13) with Qv set to unity
is the � rst cost function considered:

max J1 D V D tr
£
Cd XC T

d

¤
(16)

The performance index J1 to be maximized is shown by the solid
line in Fig. 3. Higher costs are associatedwith the lower stabilizing

Fig. 2 Reciprocal of the gain matrix.

Fig. 3 J1 and J2 costs.
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gain, as shown in Fig. 2; thus, the optimal location is where the
stabilizing gain is minimum, which is the head or the end of the
combustor.

The weighted grossmeasure of controllabilityde� ned in Eq. (15)
denoted hereafter by J2 is given by

max J2 D
1X

i D 1

Vi

V
½2

i (17)

This metric is shown by the dashed line in Fig. 3. The optimal
location is at the head or the end of the combustor, using the same
argument of cost J1 .

Consider the following two measures:

max J3 D
NX

i D 1

­­qT
i b j

­­
kqi kkb j k

C
1X

i D N C 1

kqi kkb j k­­qT
i b j

­­ (18)

max J4 D
NX

i D 1

Vxi

V

­­qT
i b j

­­
kqi kkb j k

C
1X

i D N C 1

Vxi

V

kqi kkbjk­­qT
i b j

­­ (19)

where N is number of the controlled modes. The performance in-
dex J3 maximizes the sum of the controllability measures of the
controlled modes, while at the same time minimizes the sum as-
sociated with the residual modes. The controllability measures are
the entries of the vector fi de� ned in Eq. (12). The cost function
J4 is a weighted form of index J3. The component cost serves as
the weighting factor for the elements of J3 . Figure 4 illustrates the
sigini� cant difference between the unweighted metric J3 (dashed
line) and weighted metric J4 (solid line). When the control power
is compared for the unweighted and weighted metrics, a consider-
able improvement is noticed when the contributionof each mode is
considered as shown in Table 1.

To further investigate the effect of component weighting, two
previously reported measures are considered. The � rst measure is

Table 1 SISO actuator/sensor optimal location

Noncollocated, xs D L=7:5 Collocated, xs D xa

Normalized Normalized
Cost function xa control power xa control power

J1 Head/end 1.00 Head/end 1.00
J2 Head/end 1.00 Head/end 1.00
J3 0.2864 2.6401 0.2864 2.6398
J4 0.1125 1.1184 0.1176 1.1305
J5 0.1007 1.0930 0.1007 1.0929
J6 0.7407 1.0072 0.0553 1.0265
J7 0.6641 1.0902 0.6641 1.0902
J8 0.6769 1.0682 0.6385 1.1476

Fig. 4 J3 and J4 costs.

due to Fung et al.7 and the proposedmodi� cationsusingcomponent
cost are given by
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where WN and WR are weighting factors for modeled and residual
modes. Note that a single factor WN is associatedwith all modeled
modesand WR for all residual.The proposedmodi� cationassociates
a speci� c weight for each mode. The second index J7 is due to Choe
and Baruh,8 and its proposed modi� cation J8 is
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Figures5 and 6 show the plots of the originalcost functionin dashed
lines and the proposed modi� ed versions of these costs.

Fig. 5 J5 and J6 costs.

Fig. 6 J7 and J8 costs.
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Table 1 is a tabulation of the optimal location of the actuator
for the noncollocatedand collocated cases. Because all of the con-
trollers were designed to generate identical dynamics, the control
power is used as a corroborator of the use of the weighted cost
functions for determining the optimal location of the actuator. Ta-
ble 1 lists the optimal locations of the actuators and the normal-
ized control power. It can be seen that weighting the cost function
with the component cost results in a signi� cant reduction of the
control power as in J3 and J4 , J5 and J6 , and J7 and J8 . Note
that J1, J2 , J6, and J8 result in requiring nearly identical control
power.

V. Conclusions
In this Note, a methodologyfor determining the optimal actuator

and sensor locations for the control of combustion instabilities is
presented. The approach relies on the quantitative measures of the
degree of controllability and component cost. These criteria are
arrivedat by consideringthe energiesof system’s inputsandoutputs.
The optimality criteria for sensor and actuator locations provide a
balancebetween the importance of the lower-order (controlled)and
the higher- (residual) order modes.

In previous studies, the cost has been a function of the control
in� uence matrix only and the relative contributionof the modes to
the output has not been considered. This Note describes a system-
atic procedure that associates weights that re� ect the importance
of each state variable or mode in a given cost function, thus, in-
creasing the system controllabilityand its overall performance.The
procedure can be extended to optimize the number of actuators in
multi-input applications by removing the least effective actuators,
one at a time. In addition, it can be applied to a discrete set of can-
didate locations. The control energy level can be taken as a factor
in the selection process, in a sense that if the head/end location is
not practical, the optimal location can be moved to the next con-
trol energy level and so on. In general, the optimal locations are
found to be at locations where the lower modes have the greatest
contributionand the higher modes are minimally represented in the
cost functions. Physically speaking, at these locations, the lower
modes are the most controllable because the point of application
of the actuation power is far from the nodal point of these modes,
which means the required control is small and the higher modes are
not excited.
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Nomenclature
M = Mach number
P; p = total and static pressure
q = dynamic pressure
T = total temperature
V = velocity
® = injectant mass fraction
®mix = injectant mass fraction deduced with modi� ed

mixing analogy, Eq. (3)
®¤

mix = injectant mass fraction deduced with original
mixing analogy, Eq. (1)

¯ = enthalpy de� cit factor due to induced vorticity
½ = density

Subscripts

a = freestream
c = unheated injection
h = heated injection
j = injectant
p = measured with in-stream probe

Introduction

M IXING augmentation techniques1¡4 are an essential require-
ment for the developmentof the supersoniccombustionram-

jet (scramjet) engine. In recent works,3;5 a high-molecular-weight
injectant was utilized because hydrocarbonfuels became of greater
interest.6¡8 However, many injectant concentration detection tech-
niquesdependmainlyon the differencebetweenthe injectantmolec-
ular weight and that of the main � ow so that their sensitivity is not
suf� cient compared to cases with lighter molecules, for example,
helium, injected into air. In some previous work,3 therefore, heated
air was injected into an unheated supersonic cross� ow, and the cor-
respondingequivalentinjectantconcentrationwas deducedfrom the
total temperature measurements and a mixing analogy as

®¤
mix D .Tp ¡ Ta/=.T j ¡ Ta/ (1)
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