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ABSTRA CT

A method for computing the optimal cortrol to min-
imize arobot's peakbasereaction force, while avoiding
obstacles, is preserted. It corntains the manipulator
dynamics, initial and nal conditions and obstaclecon-
straints. Usingthe assumptionthat minimal peakbase
reaction force cortrol is equal to time-optimal con-
trol, an iterative approad is usedto nd the path
and cortrol that globally minimizes the robots peak
basereaction force. The conditions for optimality are
derived and incorporated into an algorithm which uses
linear programming to solve the given problem. Equa-
tions describingthe systemdynamics and the obstacle
position are mapped into the certer of massspace,a
corveniert spacefor path planning. The method is
demonstrated for a generalmaneuwer in the certer of
mass spaceand for a two-link manipulator which in-
cludesobstacle constraints.

INTR ODUCTION

The reduction of the peak basereaction force dur-
ing robot maneuwers is important for many kinds of
application. Theseapplications might be of industrial,
military or researd nature. Optimal motions can im-
prove the life-cycle of the robot and its ervironment,
and cost e®ectiveness. Additionally , minimization of
the peak base reaction force reducesthe impact of
the robot on its ervironment. In a spacecraft, for
example, basereaction forces are often undesired ef-
fectswhich can be seenasa disturbance to the general
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spacecraftbehavior (e.g. attitude) initiating undesired
movemens and oscillations. The basereaction forces
of a manipulator, attachedto a mobile base,can cause
overturning of the base.

To date, sewral approacdesto minimize these kind
of disturbances exist. If satellite manipulators are
considered, most attention was paid to minimize the
attitude disturbancescausedby basereaction torques.
Sometechniquesweredeveloped which are able to min-
imize the disturbance while driving the satellite badk
to a prescribed position (Schulz et. al®*). Somesug-
gested a partitioned approac to the cortrol of the
manipulator and the satellite. Other approadches are
basedon robot link motions that dynamically cancel.
For a limited areain the workspace,zerobasereaction
force can be achieved (Papadopoulos'?). Only few ap-
proachesto the global optimization of a manipulators
peak basereaction force exist. Kazerounianand Wang
usedthe relationship betweenlocal acceleration opti-
mization and global velocity optimization. Doggett et.
al>> % proposeda computationally excient technique
which leadsto a path having a peak force within 5%
of the optimal path. This approad is basedon the
parameterized equations of the C? smooth path that
globally minimizes the Euclidean norm of a robot's
peak base reaction force. Additionally, Doggett et.
al introduce the CM space(center of massspace), a
conveniert spacefor planning and calculating robot
motions.

This paper developsan approac to nd the global
optimal path which minimizes the robot's peak base
reaction force while avoiding obstacles in the 2-D
Cartesian space. The transformation from Cartesian
to CM spaceis used, as a multi-b ody robot can be
transformed into a point mass simplifying path cal-
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culations and path planning. The CM spaceis a
Cartesian-like spaceand allows direct application of
cortrol techniques. Problems of mapping into the CM
spaceare addressed.

The method is based on an iterative approac to
compute the peak basereaction force minimizing path.
It usesthe technique of linear programming (LP) while
incorporating the robots dynamic constraints, obstacle
constraints and initial and nal conditions.

Basic assumptions are the absenceof gravity and
the constancyof the robot mass,obstacleposition, and
height during the maneuwer.

The conditions for a path which globally minimizes
the peak basereaction force are derived. It is shavn
that the time-optimal path is equivalent to the path
that minimizes the peak base reaction force. Ted-
nigues which 'nd the time-optimal path are applied
to the problem and basedon these conditions of opti-
mality, the generalsolution of the cortrol is preseried.
Furthermore, the iterativ e approac to the problem is
described. It is basedon a LP technique which has
the advantage of being computationally excient. In
order to be able to apply LP, constraints have to be
linearized.

Two numerical example problems will be solved.

As this method operatesiterativ ely, it assuresthat
the global optimal path is found.

DEVELOPMENT
ASSUMPTIONS

Se\eral assumptionshave to be made for the itera-
tive approad:

2 The robot massand the obstacleposition are con-
stant during the whole maneuwer.

2 The initial and nal con guration is given in
terms of xg and xr, .

2 The problem is transferred from a desiredmaneu-
ver in the Cartesian spaceto a maneuwer in the
CM space.

The problem is then formulated by moving a point
masswith a minimal peakinput over an given obstacle
(see gure 1).

COST FUNCTION

The peak basereaction force dependson the torque
at the manipulator's links. Newton's rst law of
movemen states that the torques, and therefore
the peak base reaction force, are proportional to
the acceleration of the certer of mass of the robot

¢ = |IcFc , Fc = ma. . Therefore, we are looking for

the optimal cortrol input [acc acy] which canbetrans-
formed into joint angles. This is the main reasonfor
using the CM space.

If there would be no restriction on the maneuwer
time T, the optimal solution would bea = ¢! ©.
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Fig. 1 Moving objectiv e
Thus, the nal time Ty hasto be given by the user
and/or the problem.

Furthermore, the control vector is restricted since
we want to minimize the acceleration. Consider the
following iterativ e approad:

Given any upper and lower bound on the cortrol,
the time optimal solution is found. If the "nal time
achieved by the time optimal solution Ty, is lessthan
the problem giventime T; , the restrictions on the con-
trol can be decreaseduntil the time optimal solution
exactly meetsthe given nal time. Then, there exists
no other control with stricter boundaries on the con-
trol input which ful'lls the "nal time constraint T; .

Therefore, the time optimal prole with a given nal
time, where the bounds on the cortrol vector are the
unknown parameters, establishesthe cost function.

TIME-OPTIMAL PATH

As the time optimal path and the path of minimal
peak basereaction force are equivalent, the problem
to drive the robot from an initial to a nal position
in the CM spacecan be formulated as the following
optimization problem:

Zq
J(u(t)) =

f

1dt=T 1)

To
subject to
%= Ax+ Bt
q__
(U +ug) - M,
the initial conditions
*(0) = %o,

and the "nal conditions

%(Tp) = %7,
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where the state vector is de ned as
0 1 0 1

X1 X
B2

X3 y

X4 Yy

As the systemis described in the CM Space,A and B

become 0 1
0100
_Booo o§
A‘?@o 00 1
0 00O
0 1
00
_B1 o§
B = %o 0
0 1
Obstacle constraints are
X1(Tobs) = dobs

and
X3(Tobs) = hobs
where dops is the distance to the obstacle and hgps iS

the height of the obstacle (see gure 1).
The Hamiltonian of equation (1) is de ned as

H =1+ 1x3+  2U1+  3X2+ ,4Up

X1 £ a Uiy £ o

=1+ +
X3 .1 .3 Uy .2

The optimalit y conditions are:

The third condition is achieved by applying Pontry a-
gin's minimum principle

o:' t B t o o Ls 5 o
ZOBO, _ gy el Ll

T (HB()° L2 .4°

t#(t) =i M

de ning the optimal control vector for the given prob-
lem. & points in the negative direction of the vector
[, 2 ., 4] with the length M. Therefore, the cortrol in-
put is avector lying on acircle. Pontry agin's minimum
principle can be usedasthe cortrol input is always re-
stricted. The goal is to 'nd the minimal restriction
that allows a feasiblesolution.
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CONSTRAINTS FOR OBST ACLE AVOID ANCE

The constraints for obstacle avoidance were stated
while formulating the time-optimal problem. The rst
constraint is that at the time the point massreades
the obstacle,the constraint Xigps = dops Must be met.
The necessarycondition for avoiding the obstaclein y
direction is Xzops , hops. FOr a time optimal move-
ment without an obstacle,the optimal path would be
the direct connectionbetweeninitial and nal con gu-
ration (i.e. no movemert in y direction). If an obstacle
is presen, optimalit y is given by the smallestdisplace-
ment from the time optimal path without an obstacle.
Thus, X30ps = hops becomesthe obstacle constraint in
y direction asthis meansa minimal perturbation from
the optimal path without an obstacle.

PR OBLEMS

Hamiltonian basedapproaceshaveto dealwith the
existence of a large number of local minima. The
seard for the global optimum therefore becomestime
consumingand computationally expensive.

SOLUTION TECHNIQUE

To solve the given problem without running into
the problems preseried, an iterativ e approad is used.
This guaranteesthat every feasiblesolution which min-
imizes the peak basereaction force is found.

Two varying parametersare de ned:

1. Tops
AS Xiops IS given, the time to the obstacle Tgps
dependson the magnitude of x acceleration(uy).
Tobs ONly depends on the motion in x direction.
As the accelerationu; is not known, every Tgps in
the interval [Tg; Tz ] hasto be cheded.

2. M

The main purpose of the algorithm is to mini-
mize the magnitude of the cortrol input M. The
minimal magnitude for a given set of parameters
(including initial and "nal conditions, obstacle
constraints and Tqps) is found asthe limit to a set
of parametersthat still yield a feasible solution.
Combined with the parameter Tops, the minimal
M hasto be found for every possible Tqops.

Both parameterssetup an algorithm consisting of two
loops. In an outer loop, Tqps is varied from [To; T¢].
An inner loop calculatesthe minimal M for every given
Tobs Which still yields a feasible solution.

The output of the algorithm is a distribution of min-
imal M versusevery possibleTqgps. In this distribution,
the glokal minimum M can be found.

DESCRIPTION

The iterativ e approach using LP can be seenin g-
ure 2. First, the interval from [Ty, T ] is divided into
i intervals which have the length ¢ t. i can be chosen
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by the user (increasingi correspondsto greater com-
putational needs). Then Ty is de ned and passedto
an inner loop. The inner loop varies the magnitude of
the control. Using the bisection method, the smallest
magnitude, for which a feasiblesolution that meetsall
constraints, is found by formulating and solving a LP
problem. The Bisection method works as follows:

1. If the initial My is not feasible,it is increased
until a feasiblesolution is found.

2. Chedk if the di®erence between upper bound
Mright and lower bound Mes¢ is smaller than a
certain corvergencecriteria. If so,this M is con-
sideredthe minimal M for this Tgps for which the
cortrol yields a feasiblesolution. If not, the algo-
rithm switchesto step 3.

3. The middle of the upper bound M;igrn: and the
lower bound M ¢ becomesM , .

4. The feasibility of M, is cheded. If it is feasible
the upper bound is setto M. If it is not feasible,
the lower bound becomesM .

5. Go bad to step 2

Once the minimal cortrol input for a certain Tgps iS
found, Tqps is increasedby ¢ t. If the nal time is not
reached and the bisection algorithm is called again.

THE LP PR OBLEM

As linear programming is usedin order to solve for a
feasiblesolution, the problem and the constraints have
to be expressedn linear form.

2 Systemdynamics
As the constraint due to the systemdynamics are
given in form of rst order di®ererial equations,
the state spacerepresenation is discretized. The
time interval from [Ty, T; ] is divided into m steps.
This vyields the following discrete represeration:

x(k + 1) = ©x(k) + j t(k)

By discretizing, 4m linear constraints are created
asead time step represens onelinear constraint
for all four states.

2 |nitial, "nal states
The initial and "nal states are part of the dis-
cretization of the state spacerepresenation and
therefore incorporated into the linear constraints
created above.

2 QObstacle constraints
The optimality condition demandsthat Xjgps =
dobs and Xzgps = hops. These constraints are im-
plemerted by formulating a subsystemwhere the
“nal conditions are the boundary conditions of
the obstacle (initial conditions are the conditions
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of the original problem). In other words, the same
discretized system dynamics constraints are used
in a new interval [To,Tops]. Note that only two
states are constraint, the other two are free. This
creates 2kqps linear constraints where kqps is the
number of time stepsto the obstaclewhich varies
for every Tops.

2 |nput constraint (Circle constraint)

The original constraint that the the cortrol vector
hasto lie on a circle is not usablefor LP. There-
fore, the circle is approximated by a userde ned
number of lines. The circle is subdivided into
4n equally sized segmeits where n is the num-
ber of segmeits in one quadrant chosenby the
user. The points on the circle de ned by thesean-
glesare connectedand create another set of linear
constraints. As these constraints have to be met
for eadh time step, this yields m ¢4n additional
constraints. Figure 3 shows the approximation
for one quadrant, 5 segmers per quadrant and a
maximum magnitude of M = 1.

0 I I I I

0 0.2 0.4 0.6

Fig. 3 Circle appro ximation

The linear programming problem then becomes:
min f T4
subject to
¥(k+ 1) = ©x%(k) + j t(k)
*(0) = %¢
x(ke) = %
X1(Kobs) = dobs

X3(Kobs) = hobs
uz2(k) - mug(k) + b

uz(k) - j mui(k) + b
uz(k) - muy(k) i b
uz(k) - i mug(k) i b
l=1n
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LP:min 7 y
s.t
x  x(k) u(k)
xT)
X0) X
% (Kops) Ao
% (Kops) P
% (Kops), Xs (Kops) free
linearized
circle

LP=1 feasible solution
LP=-1 infeasible solution

Fig. 2 Flowchart

where m; the slope of the I linear approximation
curve and b its intersection with the y-axis. fT is
de ned asa vector of 0's. Note that f T hasno special
meaning as the linear programming only cheds the
feasibility of a solution.

NUMERICAL EXAMPLES

In order to show the advantages of the preseried
linear approad, the method will be tested on two
problems:

1. General problem formulation
To analyze certain characteristics of the linear
approad, a general problem is chosenon which
analysis is performed. The goal is to drive the
certeipof massfrom an initial con guratiog of 1

0 1
%o = %O § to a nal position of 7, = %O§
0 0

in a time of 1sec The obstacle is located at
dobs = 0:5 and its height is hops = 0:5. The de-
pendenceof the results on the number of linear
circle approximation curvesn will be examined.
n is varied over an interval [0;5]. The interval
[To; T¢ ] is divided into 18 time steps¢ t.

2. Two-link manipulator
The problem posedis to drive the manipulator
from an initial position to a nal position while
avoiding an obstacle. The "nal condition is given
by the tip touching a box on a table wherethe ta-
ble itself presens the obstacle. The two-link ma-
nipulator has the following properties: Length of

y direction

the links 11.2 = 4m, massof the links m., = 0:5kg
and the masscerters concerrated at lci.co = 2m
(see gure 4). Results visualize the relationship

Final configuration

Initial configuration

x direction
Fig. 4 Test-problem

between Tops and the minimal M, the trajectory
in the CM spaceand the trajectory in the Carte-
sian space. In this casethe interval [To; T;] is
divided into 14 time steps¢ t. The time in which
the maneuwer should be performed is chosenas
T; = 5sec,the number of circle constraints in one
qguadrant isn = 5.

RESUL TS

GENERAL PR OBLEM

Figures 5 and 6 show results depending on the vari-

ation of the number of linear circle approximations n.

5
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Figure 5 presens the cortrol input for respectively
n = 1;3;5. Figure 6 preseris the minimal input
magnitude M, Tys and the squared di®erencebe-
tweenthe m" andthe m™ j 1 cortrol input where
m 2 [2;5]. AIIPresuIts are summarized in table 1
where ¢ &, = ) i tem; 1) and ¢y =
Eg(i (uy;m i b'y;mj 1)2-
15
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Fig. 6 M, Tops and error for di®erent n

Table 1 Result of general problem form ulation
n M min Tobs ¢ iy ¢ b'y
1| 10.4224| 0.5235| 152.69| 238.4
2| 9.0234 | 0.5235| 73.67 | 37.3
3| 8.7964 | 0.5235| 35.78 | 12.57
4 | 8.7671 | 0.5235| 12.37 | 7.29
5| 87451 | 0.5235| w0 .0

TW O-LINK _MANIPULA TOR

As the problem is formulated in Cartesian space,the
two-link manipulator con guration is mapped into the
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CM space. For the giveninigal and nal conditions

2:22 7:0394
x:% 0 gx :% 0 §thecerterof
0 i 22693 A 7Tr 0:5228
0 0
massconfguration jbecomes 0
2:5 3:45
xewo= B O & xour = B O & dus be
i 02 A Ti 1:2 obs
0 0

comes2:82 , hgyws becomesl:3.
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Fig. 8 Control input for rob ot movement

the minimal input magnitude M over the seweral Tops.
Figure 8 shows the trajectory of the control input and
the x | y movemert in the CM space. The resulting
trajectory in the Cartesian spaceis presened in “gure
9 and the corresponding anglesin "gure 10.

DISCUSSION
PROBLEMS OF CM SPACE

The transformation of the robot from the Cartesian
spaceto CM spaceis unique. The transformation of
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Y position

X position

Fig. 9 Rob ot movement
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Fig. 10 Rob ot angles

an obstacle, howewer, is not unigque as a robot can
have di®erent con gurations of its links (e.g. two-link
manipulator: elbow-up, elbow-down). The reverse
transformation of the certer of massof the robot hasto
take non-uniquenessnto accourt becauseof the di®er-
ent link con gurations. Sincethe robot can changeits
con guration, e.g. from elbow-up to elbow-down, dur-
ing onetrajectory by touching oneof the boundariesin
the certer-of-massspaceit is not possibleto evaluate
di®erert con gurations separately Rather candidate
paths have to be found out by obsenation of the prob-
lem. Doggett et al. provide a further exploration of
this issue.

CIR CLE APPR OXIMA TION

Due to the approximation of the circle by linear
curves, errors occur. Here, the maximum error oc-
curs where distance between a linear curve and the
circle is maximal. If A is the angle of one segmen, the
maximal error is the distance between the point on
the circle and the point on the approximation which
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corresponds to an angle of é. Figure 11 shows the
relationship of the percert error and the number of
segmeis n in one quadrarnt.

0.8

0.7

o
>

o
o

o
w

Maximum error to real circle in percent
o
S

o
N

0.1

1 2 3 4 5 6 7 8 9 10
Number of segments in one quadrant

Fig. 11 Circle error

CIR CLE LINEARIZA TION

As the results for the “rst problem show, Tops hardly
dependson n (table 1). The cortrol prole for eah
coordinate direction changesfrom bang-bang cortrol
to a smooth cortrol. This is due to the fact that there
are more vertices of the approximating polygon which
lie on the circle. One of the most important proper-
ties is that the squarederror for both cortrol inputs
(xj y directions) betweentwo following cortrol proles
for di®erent n approades 0 for higher n. This indi-
cates corvergenceto a certain solution. As the circle
is approximated more precise by choosing a large n,
the maximum error between the approximation and
the real circle decreases. The computational costs,
however, increasesigni cantly. Therefore,a good com-
promise betweenaccuracyand computations hasto be
found.

SPLITTING OF Tobs

The error of the solution depends directly on the
magnitude of ¢ t. Sincethe minimum M dependson
Tobs, We get closerto the true minimum for small ¢ t.
This means,the interval [T; T; ] is examinedmore care-
fully. The accuracy onceagain, is traded o®versusa
large number of computations. That's why a good ini-
tial guessof Typs iS very important. Since Tops hardly
changeswith n, a good initial guesscan be achieved
by solving the problem for n = 1 which needsfew com-
putations. The sofound T,,s provides a good starting
point for further re nements.

APPLICA TION FOR GENERAL PR OBLEMS

At rst glance, the problem studied seemsto be a
very restrictive and special example, not usable for
general purposes. Howewer, a movemen from an ini-
tial point to a nal point in the CM spacewith arbi-
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trary shaped obstaclescan always be transformed in
a problem of the kind preseried: The straight line be-
tweeninitial and nal points will be de'ned as the x
axis done by a displacemen of the origin and a rota-
tion of the coordinate axes. This transformation also
changesthe shape of the obstacle. Then, the critical
points of an obstacle can be approximated by verti-
cal lines as seenin "gure 1 (multiple restrictions are
possible).

CONCLUSION

An iterative approad to minimize the peak base
reaction forces during 2D maneuwers while avoiding
obstacles has been deweloped and tested. A linear
programming technique was applied to the optimal
cortrol problem by linearization and discretization of
the cortinuous model and the constraints. All test
problems were transformed into the CM spacein or-
der to simplify calculations.

Results have shavn that the method works within
an acceptableaccuracy Howewver, more precision has
to be paid by higher computational e®ort. Since an
upper bound for the error is known, computational
e®ort and accuracy can be balancedby the user.

As a main advantage, the deweloped method is able
to nd the glokal minimum of the peak basereaction
force by using an iterativ e technique.
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