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Abstract

The designof a controller for a exible system under
the in uence of friction is preseried. A linear program-
ming technique for nding an optimal cortrol of linear
exible systemsis extended to frictional systems. A
oating oscillator is used in the dewvelopmert, where
friction and cortrol input forcesare acting on the rst

mass. The result of the linear programming is a con-
trol prole for rest-to-rest maneuwers where the static
and Coulomb friction is included in the system model.
The positive pulse cortroller is also deweloped based
on the available frictional force. These cortrollers can
be applied to precision positioning systemsand seno
applications where the friction and exibilit y are sig-
ni can t.

1 Intro duction

Friction is the most commonly encourtered non-
linearities in medhanical systems. Various compensa-
tion techniques are available for regulating problems
such asadaptive friction feedforward/feedback and im-
pulsive cortrol [1],[2]. The stick-slip e ect is acceru-
ated for regulating exible systemsat the small veloc-
ity region and velocity reversals. One way of keeping
the systemstick-slip free is to maintain positive veloc-
ity of the frictional body during the maneuver. This
positive velocity assumption of the frictional body cre-
ates a constart Coulomb friction, which is a bias force
term addedto the input force. From this assumption,
optimal cortrol techniques for linear systemscan be
used to designa cortroller. One method to designa
controller for linear systemis a frequency domain ap-
proach, wheretime delay lters are usedto obtain the
time optimal controller [3]. However, prior knowledge
of bang-bang cortrol prole for linear systemsis not
valid becauseof the constraints imposedon the rst

massvelocity. Another approac to solve this problem
is linear programming [4]. Although the accuracy of
the cortrol pro le is limited by the number of samples
and corvergencetolerance, linear programming guar-
antees to generate a globally optimal cortrol pro le.

A oating oscillator with a friction model usedin the

controller designcan represen many applications suc
as hard disk drivesand exible robots where friction
is present at the actuator and the end e ector position
needsto be regulated.

2 Floating Oscillator with Friction

A oating oscillator under the in uence of friction is
shown in Figure 2. The equation of motion of the sys-
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Figure 1: Floating Oscillator under Friction

tem can be written as
x(t) = Ax(t) + Bu(t) Bf(x;u) 1)

where, state vector x = [x; X» X1 X»2]T, uisacon-
trol input, f is a friction force, and
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Static and Coulomb friction model is usedin the de-
velopmen, and the friction forcef is de ned as
8

< fesgn(xy) ifx;60
f = fgsgn(us) if x3 = 0andus> fg 3)
: Us if x; = 0andug fg

where, f . is coulomb friction and f¢ is static friction.
Us is the sum of cortrol input and spring force applied
to the rst mass,which is

Us = u+ k(xz2  X1) 4)

3 Linear Programming Form ulation

The system model can be linearized if the velocity of
the rst massis always positive. With this assumption,
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the friction force becomes

f=f, (ifx;>0) (5)

In discretetime, the systemequation is written as
Xis1 = AgXy + Ba(ux  fe) (6)

where, k = 1;2;::;;N. The initial and nal states are
given as

X3 = X(0);  Xn+1 = X(tf) (7)

Where, t; is the total maneuwer time. The linear
programming problem is to nd a minimum t; while
satisfying system equation with initial/ nal  state con-
straints, velocity constraints and input constraints,
which is similar to the approacd in [4]. The state vec-
tor at the nal time can be computed from the initial
condition and cortrol history suc that

_ AN N
Xn+1 = AgXg+ Ay 'Baui

i=1 i=1

AY 'B4fc (8)

By rewriting Equation 8, the equality constraints on

the nal statesbecomes
2 3
uz
uz
AgBg By
UnN

AY By AY B4

Alx,+  AY 'Bgf )
i=1

= XN+

Assumption of the positive velocity for the rst mass
leads to inequality constraints. De ne a output vec-
tor Cg=[0 0 1 0], the velocity of the rst mass
becomes

CdAlé inUi
i=1 i=1

Xik+1 = CaAkx; + CaA¥ 'Bqf.

(10)
where,k = 1;2; ;N. Becauseof the positive velocity

assumptionofthe rst mass,wearrive at the constraint
X1k+1 > 0 (k=12 ;N 1) (11)

In order to form a standard linear programming prob-
lem, the above equation can be written as

X1k +1 (k=12 ;N 1) (12)
where, is a small positive number.

Another constraints to the designis that the rst input
should be greater than the static friction in order to
start the maneuwer. That is

up fs+ (13)

Inequality constraint in Equation 12 and 13 canberep-
reseried in a matrix form as

2 32
1 0 0 (VEY
CyByg 0 0 U
CdAdBd CdBd 0 us
CiAY 2By CgA) 3By CdBy Un
2 3
fs
CygAgx; CyBgfe
CyA%x; Cy4AgBdfc CqBafc
(14)
1 .
CiAY 'x, CeAY ! 'Byfec

i=1

The control input has lower and upper bounds suc

that
Up Uc Up (k=1;2, ;N) (15)

where, up is a maximum cortrol input value.

4 Numerical Simulation

Numerical simulation was performed using Matlab.
The parameter valuesusedin the simulation are shown
in Table 1. The rst simulation is performed with the

Table 1. ParametersUsedin the Simulation
mo 100K g
k | 111111.111K g=se@
Up 500N
fs 137N
fe 111N

initial and nal states of

2 3 2 3
0 01
x0=§%% xt)=§%L o
0 0

The control input history and its discrete time linear
simulation response are showvn in Figure 2 and 3 for
the above initial and nal states. The velocity of the
rst massplotted with solid line in Figure 3 remains
positive during the maneuwer. Corresponding input is
a bang-bangpro le with three switches.
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Figure 2: Input Force, displacemen 0:1 m
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Figure 3: ResponsePlot, displacemen 0:1 m

The secondsimulation is performedwith the initial and
nal states of

2 0 3 2 0:001 3
x0=§9¢ xt)=§% a
0 0

The corresponding cortrol input history and its re-
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Figure 4: Input Force, displacemert 0:001m

sponseare shawn in Figure 4 and 5. The responseplot
in Figure 5 shows that the velocity of the rst mass
stays very closeto zero during the maneuwer for some
time. In fact, the velocity of the rst massstays zero
for sometime if in Equation 12 approachesto zero.
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Figure 5: ResponsePlot, displacemen 0:001m

In Figure 4, the controller is trying to compensatethe
Coulomb friction and spring force in order to main-
tain stiction of the rst mass. However, Coulomb fric-
tion force disappears when the rst massis sticking.
Therefore, the cortroller doesn't needto compensate
Coulomb friction when the rst massvelocity is zero.
In addition, if the spring force is not enoughto over-
comestatic friction, the rst masswill stay stuck. This
condition leadsto an equivalert cortrol, Ueq, as
ueq;kzo iffc fS< uk<fc+fsand>gl;k=0

(18)
where,k = 1;2; ;N. Therefore,the equivalent cortrol
prole to Figure 4 becomesbang o bang as shown in
Figure 6.
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Figure 6: Equivalent Input Force,d = 0:001m

The third simulation is with the initial and nal con-
dition of

2 3 2 3
0 0:01
x0=§%¢ xt)=§%% o
0 0

With these conditions, the input history and corre-



sponding responseplots are shown in Figure 7 and Fig-
ure 8.
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Figure 7: Input Force, displacemern 0:01m
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Figure 8: ResponsePlot, displacemen 0:01m

Input prole shown in Figure 7 showsthat the compen-
sation force to maintain the stiction of the rst mass
coincide with the plot of fo k(xz xj3). Howevwer,
the input during stiction is not always within the up-
per and lower bounds. Becausethe Coulomb friction

disappears during stiction, only spring force is needed
to be compensatedto stay stuck. Therefore, Coulomb
friction is subtracted from the input prole during the
stiction and the equivalent input pro le is showvn in Fig-
ure 9. It is alsopossibleto turn o the controller when
the input is within the bounds (Equation 18), however,
turning o the cortroller near the bounds may result
in the movemert of the rst masswhenthere is a slight

variation of the static friction value.

5 Positiv e Pulse Approac h

For a oating oscillator without friction, controller
must have a negative input in order to bring the system
to a stop. Howewer, cortroller for a oating oscillator
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Figure 9: Equivalert Input Force,d = 0:01m

with friction do not necessarilyrequire negative force
input becausefriction is acting in the negative direc-
tion of the maneuwer. In addition, applying negative
pulse may causevelocity reversalsin the small velocity
region when there is an error in the model parameters
for the cortroller designand/or there is a variation in
Coulomb friction. The new bounds on input for this
approac are

0 ux up

(k=12 ;N) (20)

With the new input bounds, the cortrol input history
is shown in Figure 10 with the initial condition and
nal condition 02f
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Figure 10: Input Force, displacemern 0:001m
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Figure 11: Equivalent Input Force, displacemert 0:001 m

After the rst pulsein the input pro le, the cortrol in-
put is turned o to bring the rst massto a stop and
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then starts to compensateCoulomb friction and spring
force. However, the cortroller doesn't needto compen-
satebecausehe cortroller pro le satis es Equation 18.
Therefore the equivalent cortrol prole becomestwo
positive pulseswith di erent pulse widths as shown in
Figure 11. To verify the equivalert cortrol pro le, non-
linear simulation is performed and its responseplot is
shown in Figure 12.
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Figure 12: Responsefrom Nonlinear Simulation

The secondsimulation for positive pulse approad is
performed with the initial and nal states of
3

2.3
5(0)=§ 82 l(tf)zg O:glé
0 0

(22)

The input force plot in Figure 13 shows that the com-
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Figure 13: Input Force, displacemern 0:01m

pensation of spring force is neededto prevent velocity
reversalsof the rst massand to stay stuck. The linear
simulation responsesare shown in 14 and the equiva-
lent input history plot is showvn in Figure 15.

Sameapproac can be applied for larger displacemen,
however, there is a large increasein nal time, t;, be-
causethe velocity getslarger and available friction force
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Figure 14: ResponsePlot, displacemen 0:01 m
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Figure 15: Equivalent Input Force, displacemert 0:01 m

is limited. Therefore, two positive pulse solution is
more suitable for small displacemen or actuating near
the referencepoint. To illustrate this, switching time
and nal time is given for dierent displacements in
Figure 16. The switching time usedin the plot is shavn
in Figure 13. It is shown that the time betweent, and
ty becomeslarger as displacemern becomesbigger. In
Figure 16, Region | is wherethe spring force generated
during stiction is not large enoughto overcomestatic
friction. In this region, two positive pulsesare used.
In Region Il, the spring force is compensatedto the
rst massbetweent, and t3 to stay stuck. In Region
[l , velocity of the rst massis always positive and the
resulting cortrol is a two positive pulse pro le.

6 Comparison with Single Pulse Input

It is more conveniert to designa cortroller if the rigid
body assumption is made to the exible body. Yang
and Tomizuka [2] deweloped the pulse width cortrol
for arigid body, and the pulse width for the systemis
found by the following equation.
s
2d(my + mp)f¢

t =
P fo(fp fo)

(23)
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Figure 16: Switching and nal time vs. displacemert

where, t, is the pulsewidth and d is the command dis-
placemen. In Figure 17, single pulse input developed
in Equation 23is usedto simulate the frictional oating
oscillator system. The nal time is determined when
the rst masscomesto rest. It is shown that the nal
time for the single pulse input in Figure 17 is larger
than the nal time in Figure 16. Single pulse input
will also produce displacemen errors and residual vi-
bration of the secondmass. In Figure 18, the error of
the rst massposition and residual energy at the nal
time is shown for di erent displacemerts. Especially
when the command displacemen is small, the exible
mode of the system will always be excited becauseof
the small pulse width. Therefore, it is necessaryto in-

clude the exibilit y in the cortroller designfor precise

positioning systems.
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Figure 17: Pulse Width and nal time vs. displacemert,
Single Pulse Input Simulation

7 Conclusion

For a large displacemern, bang-bangcortrol with three
switches can be found for rest-to-rest maneuvers with
friction. The cortrol input resenblesthe optimal con-
trol prole of a linear oating oscillator becausethey
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Figure 18: Displacemert error and Residual Energy, Sin-
gle Pulse Input Simulation

have the samenumber of switcheswith bang-bangcon-
trol prole. Howewer, stiction of the rst massoccurs
when the maneuwer displacemert is small. In this case,
two positive pulse input pro le can be used. For sys-
temswith an uncertainty in the model parametersand
variation in the Coulomb friction, four switch bang-
bang cortrol can be usedto bring a system near the
nal states and then positive two pulse control is ap-
plied to the nal states.
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