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ABSTRACT

In this paper a techniqueto determinethe pulse amplitude
modulatedcontrol input for a frictional systemis proposed. A
userspeci ed pulsewidth is usedto initiate the motion so asto
permit the systemto coastto the desired nal positionafter the
nal pulse with zeroresidualibrations.Theproposedechnique
is illustratedon the oating oscillatorwherethe rst massis un-
derthein uence of friction. Numericalsimulationillustratesthe
effectivenesof the proposedechnique.

INTRODUCTION

Frictionis highly nonlinearin thelow velocity regionandwhen
thereis a velocity reversal. For precisepositioningandpointing
systemsdif culty in control arisesnearthe desired nal posi-
tion becauseof stiction. CorventionalPD and PID controllers
are known to causesteadystateerror and hunting! Yang and
Tomizuk& developedthe adaptve pulsewidth controltechnique
for rigid body systems. The pulsewidth control can avoid the
problemsof huntingandvelocity reversalsby allowing the sys-
temto coasttowardsthe desiredposition. Successie pulsesare
applieduntil the desiredpositionis reachedwhile unknavn pa-
rametersareadaptecht the endof the eachpulse. With the static
andCoulombfriction modelusedin,? thefriction forceis consid-
eredconstanbecaus®f the guaranteedinidirectionalmotion of
thesystem Rathlun® extendedhepulsewidth controlto the e x-
ible two massspringdampersystem.He usedthe singlepulseto
studythe stability boundon the pulsewidths. Althoughthe con-
troller is stable the e xible statesexcited by theinput pulsewill
resultin undesirablaesidualvibration. If the dampingis small,
thesettlingtimewill increasevhichwill increasehetotal maneu-
vertime. In this paper pulseamplitudemodulatectontrolpro le
is proposedo eliminatethe unwantedvibration at the endof the
maneuer. If positive velocity of thefrictional bodyis maintained
during the maneuver, the friction force can be consideredas a
biasedinput andlinear designtechniquesanbe used. The vari-
ouscontrolpro le hasbeenfoundvia Linearprogramming with
the positive velocity of the frictional body: In the proposedech-
nique,thetime-delay Itering techniqué is utilized for vibration
suppressionlf stiction occursduring the maneuer, the control
pro le hasto be modi ed asillustratedin Section. Numerical
simulationsareperformedo verify the proposedontrollers.

PROBLEM FORMULATION

The oating oscillatorunderthe in uence of friction is illus-
tratedin Figurel, wheremy, m, arethe rst andsecondnassk
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is thespringconstanty the controlinput, f thefriction forceand
X1, X arethepositionsof the rst andsecondmass.Theequation

I

f

Fig. 1 Floating Oscillator under Friction

of motionof the systemcanbewritten as

Mx+ Kx=D(u f) (1)

whereM , K, andD are
_ mq 0 X _ k k _ 1
M= 9 m + KT « k + PT ¢

@)
The friction force is modelledas a static nonlinearfunction of
the velocity which accountdor staticandcoulombfriction. The
friction modelcanberepresenteds:

8
< fesgn(xy)

if x; 6 0
f(x;u) = fssgn(us) if xy = Oandug > fg 3)
' Us if X3 = Oandus fg

where,f 5 is the staticfriction, f; is the coulombfriction andusg
is the sumof theforcesappliedto the rst masswhichis

Us = u+ k(x2  X1) (4)

If the rst massvelocity never goesto zero and stayspositive
duringthemaneuer, thefriction forcefor arest-to-restnaneuer
becomes

f=fc[1 H( T )

where,H () is the Heaviside stepfunction and T is the nal
time. With thisfriction model,Equationl becomes

Tr)lg (6)

It is morecorvenientto studythe oating oscillatorsystemif the
decoupledequationof motion is used. De ne nen decoupled
statesz = [ ; q]", where andq denotesthe rigid and e xi-
ble body statesof the system. The transformatiormatrix V can
be found from the eigervectorsof the system,which decouples
the systemwith the relationshipx = Vz. The decoupledstate
equationbecomes

Mx+ Kx=Dfu fc[1 H(t

tL00 FOET fu fJ[ H To)g
q O . q mi;+mp
(7)
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where,matrixV andnaturalfrequeng ! are
s

1 e k(my + m5)
= m . | = N - 4
v 11 mims; ®)

For the rest-to-restmaneuer problem,the boundaryconditions
are

x1(0) = x2(0) = 0
X1(0) = x2(0) = 0

X1(Tf) = x2(T¢) = d

X1(Te) = x2(T¢r) = 0 ®)

where,d is the desiredpositionat Ts . The equivalentboundary
conditionsin decoupledstatedhecome

0)=40)=0 (Tr)=d; {Tr)=0
9q0)=a0 =0 oT:)=qoTr)=0

POLE-ZERO CANCELLA TION

In our developmentathreepulsepro le isinitially assumeas
shavn in Figure2(a). The pulsewidths are selectedy the user
u fefl H(t Ty)]

(10)

u

A Ao f 1
Ao A As c AL A, N

Ty T, Ts t R .

(a) ThreePulselnput  (b) CoulombFriction Biasedinput

Fig. 2 Input Prole

andthe pulseamplitudesaredeterminedo satisfythe boundary
conditions. Sincepositive velocity of the rst massis assumed,
the new inputto thelinear systemis biasedby the magnitudeof
Coulombfriction asshowvn in Figure2(b). The Coulombfriction
biasednputcanbewrittenas

u(t) Tl = (Ao fo) AH(t
T2) AszH (t T3) + fcH (t

fo[l H(t
+AH (t

T1)
Tt)

(11)
Becausghecontrolinputin Figure2(a)shouldbezerofort  Tj,
thefollowing is true.

Ag A1+ A, A3=0 (12)

In orderto eliminatethe vibration at the end of the maneuer,
zerosof the input shouldcancelthe e xible modepolesof the
systentt To cancelthe e xible modepoles,Equation11 should
satisfythefollowing equation.

(Ao fc) Age ST+ Aje STz

A3e sTs + fce STs js: i =0 (13)

Equationl3 canberewritten as:

Ao Aicos! Ti+ Ascos! T, Aszcos! T3 = fo(1 cos! T;)

(14)

Aisinl Ty + Apsinl T, Agsin! T3 = fesinl Ty (15)

Thedisplacemenof therigid bodyatthe nal timeis sumof the
rigid bodydisplacemenatt = T3 andthe coastingdisplacement
suchthat

h i
()= T+ P2 ry "= o

where, (T3) and (T3) arefoundby solvingtherigid body dif-
ferentialequationasfollows.

(T3) = gy Ao(Ta)? Aw(Ts Ti)?+ Ax(Ts  T2)?
fc(TB)Z ]
{T3) = s [AoTs Al(Ts Ti)+ Ax(Ts T2) fcTg]
17)
The nal time canbe found by addingthe coastingtime to Ts.
Since, satisfyingEquationsl4 and 15 is equivalentto the e xi-
ble statesbeingzeroatthe nal time, the coastingtime is found
by solving the rigid body equationfor t > T3 andequatingthe

velocity of therigid bodyto bezero.The nal time becomes

Tf :Tg f
c

1

f—(A1T1 AxT2+ A3Ts) (18)
C

An approactfor solvingfor the nal timewill bepresentedh the
next section.

ZERO-RESIDUAL VIBRATION

If the e xible motionstatesy(T; ) andg(T; ) areforcedto zero
atthe nal time, residualvibrationwill be eliminated.Sincethe
nal timein Equationl18is afunctionof pulseamplitudesEqua-
tion 14 and 15 aredif cult to solve. To solwe this problem,the
statesof the e xible modeatt = T3 thatwill forcethe e xible
motionto be zeroat the nal time arederived. Solutionsof the
e xible modeequationatt = T3 are

AT3) = romamyy | fo Aocos! Ta+ Ajcos! (Tz Th)
A, cos! (T3 Tg) + Az + f.cos! T3]
ATs) = rmrrmyy Aosin! T3 Agsin! (s Ty)

+ A, sin! (T3 Tz) fcsin! T3]
(19)
The equationof motion of the e xible modefor the coastingpe-

riod with theinitial conditionof g(Ts) andg(T3) becomes

fl H{E T

mi+ mo

&+ ! = (20)

where, . is the e xible modestatefor the coastingperiodand
the coastingtime T, = T  Tz. The solutionto Equation20

becomes
h | i
G(t) = sl & S L T Hi T
+q(Ts) cos! t + LTe)sintt
Q(t) = mie S g3 1) sinlt+ g3 t)cos!t

(21)
Att = T, the e xible motionshouldbe eliminated. By substi-
tuting T, into Equation21 andequatinghemto zero,the e xible
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statesatt = T3 which will forcethe e xible stateso zeroatthe
nal timeare

3
fe(cos! T 1)

HEE TN S
I (my+ my)

The exible statesatt = T3 shavn in Equation22 will forcethe
e xible motionto be eliminatedat the endof the maneuer if T,
is known. However, thetotalmaneuertimeis afunctionof pulse
amplitudesandtherefore aniterative approachs usedto nd the
total maneuer time and T;. Rewriting the constraintEquations
12and19in termsof A1, A, andA3, theconstraintequationsn
rznatrixform become

32 3
1 1 1 A
4 cosl (T3 Ti) cosl (T3 To) 194A,5
sinl (T3 T sin! (T3 T 0 A
5 (T3 31) ) (Tz  T2) ) 3 3

=4 cos! T3 Ag+ 4f.cos! Tz
sin! T; fesin! Ta

fo+ ! 2(my+ my)g(Ts)®
L (my+ m2)g(Ta)
(23)

To nd initial valuesfor theinput pulseamplitudesandtotal ma-
neuertime, solve Equation23for A1, A, andA3 in termsof Ag

by letting q(T3) = q(T3) = 0. By substitutingA1, Az, andAsz

into therigid body constraintin Equation16, Ay canbe found.
Oncethe pulseamplitudesare found, the initial total maneuer
time is found by substitutingthe pulseamplitudesinto Equation
18. With thisinitial T, exible statesatt = T3 arecomputed
usingEquation22. Thenew pulseamplitudesandtotal maneuer

time is calculatedwith this new e xible statesatt = T3. This

procedurds repeatedintil the e xible statesandtotal maneuer

time corvere.

NUMERICAL SIMULATION

Numerical simulationsare usedto illustrate the performance
of the proposedcontrollers. The parametewaluesusedin the
simulationareshavnin Tablel. The rst simulationis performed

Table1l ParametersUsedin the Simulation

symbol description value
miy massl 80Kg
mo mass? 100K g
! naturalfrequeny 50rad=sec
Up peakinput 1000N
fs staticfriction 137N
fe Coulombfriction 111N

with theinitial and nal statesof
x1(0) = x2(0) = 0 x1(T¢) = x2(T¢) = 0:1
X1(0) = x2(0) =0  x3(T¢) = x2(T¢) = 0

The pulsewidths arechosensuchthat T; = 0:1 sec,T, = 0:2
secandT3 = 0:3 sec. Theresultingcontrolinput andresponses

(24)

areshavn in Figure3. Thesolidline representthe rst massand
the dashedine representshe secondmass. It is shavn thatthe
1000
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Fig. 3 ThreePulseControl Input and Responsegd = 0:1)

rst massvelocity is alwayspositive andthereforeunidirectional
friction forceis appliedto the systemduring the maneuer. The
systenmbgginsto coastatt = 0:3 secandtheundesirableribration
is eliminatedat the nal time. The e xible stateatt = 0:3 are
forcedsuchthatatthe nal time the e xible statesbecomezero,
whichresultin zeroresidualvibration.

Figure 4 shows the pulseinput amplitudechangedue to the
changesn the commanddisplacementThe pulsewidthsarese-
lectedthe sameas previous examplesuchthat T; = 0:04 sec,
T, = 0:08 secandT; = 0:12 sec. The velocity of the mass
becomegzeroduringthe maneuer if d < 0:0039m which cor
respondgo the lower displacemenboundwith the choserpulse
widths. Becauseof the control input saturation different pulse
widths are selectedor d > 0:278 m. The plot of the pulsein-

1200
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Fig. 4 PulseAmplitudes vs. Displacement

put amplitudesfor differentnaturalfrequeng valuesare shovn

in Figure5 with the sameinput pulsewidths. It is alsoshovn in

Figureb thattherearenofeasiblesolutionsin thefrequeng range
from 76 to 79 rad/sec.This is becaus¢he matrix in Equation23
becomesingularwhenthe switchingtime is chosersuchthat:

! (T3 Tz) =2n or ! (T3 T1) =2n (25)
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where,n is a positive integer  Thereforedifferent pulsewidths
shouldbe selectedor designinga controllerif the pulsewidths
chosermmale the conditionnumberof the matrix in Equation23
verylarge.
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Fig. 5 PulseAmplitudes vs. Natural Frequency

SYSTEMSWITH STICTION

Whenthecommandisplacemenis small,it maynotbefeasi-
bleto nd asolutionwhichwill guarantegositive velocity of the
rst mass.If thevelocitybecomegeroduringthemaneuer, stic-
tion mightoccur If stictionis consideredn thecontrollerdesign,
the controlpro le is assumedo be asshowvn in Figure6. In the
u

Ao
Az

T T T3 Ta t

Fig. 6 Input Prole with stiction

gure, is thetime whenthe velocity of the rst massbecomes
zeroandthe controllerassumeshatthe rst massstaysstuckfor
t  Ts. During stiction,the sumof the appliedforcesto the

rst massshouldbelessthanor equalto the staticfriction value.
Sincetheinputis zeroduringthestiction,the conditionof staying
stuckbecomes

kx2(t) xa®)] fs ( t Ta)
If theabove conditionis not met,the springforce hasto be com-
pensatedo force the rst massto stay stuckfor t  Ts.
Springforce compensatiois consideredaterin the section.De-
ne therelative displacemenandvelocity att = T as

(26)

0= X2(Tz) x1(T3); o= x2(Ta) (27)

First, o, o andAjz aredeterminedvhichwill satisfythe bound-
ary conditionwithout theresidualvibrationatthe nal time. The

e xible statesatt = T4 in termsof ¢ and g are

ATa) = rzmirmgyAs fo Ascos! (Ta Ts)
+fccosl (Ta Ts)]‘f' m”ﬁfff;“z Ts) o".' mﬂs('ﬂflf,;‘qz)“)
a(Ts) = W[A3 sin! (T4 Ta) fesin! (Ts4  Ta)
mi! sin! (T4 T3) + M cos! (T4 T3)
mi+ms 0 mi+ms
(28)
Equation28is solvedfor ¢ and o.
cos! (Tq4 T3) 1 fc[l cos! (Ta T3)]#
= M Ty Azt tosmE(Ts Ts)
m1! ml!
L M+ M2 cos! (Ty Ts) S'nl(,T—“m a(Ta)
my 'sin! (T4, Ts) cosl (T4 Ti) a(Ta)
(29)
Thedisplacemenboundaryconditionis
my+ m
(T) = (Ta)+ —5—[{Ta))* = d (30)

2

where, (T4) and (Ty) are

T3)]

(Ta) = XAls"; M(D T3)? + iyl o+ o(Ta
«Ta) = m13+ mcz (Ta T3)+ %J}
(31)

X1s IS the rst masspositionunderstiction, which is unknowvn.
Thereforeaniterative procedures requiredstartingwith theini-
tial x15. For smalldisplacementsaninitial x1s closeto half of
thedisplacemento be moved makesa goodstartingpoint. Then,
0, _o andAj canbe computedsimilar to the approachfor the
non stiction case.Assumingq(T4) = g(T4) = O initially, solve
o and g intermsof A3 from Equation29. A3 is foundfrom the
displacemenboundaryconditionin Equation30. With the ini-
tial solutionsof o, o andAs, the e xible bodystatesatt = T4
whichwill eliminatetheresidualvibrationarefoundasfollows.

fe(cos! Tc 1)

T = m (32)
_ fesin! T
A= Tmemg) o
where thecoastingtime T is
1
Te= —[(Az fc)(Ta T3)+ m2 o] (34)
Cc

This procedurds repeatedintil the e xible statesatt = T4 and
totalmaneuertimecorverge.Once ( and g aredeterminedthe
stateconstraintatt = shouldbefoundto solvefor Ag, A; and
A,. However, isafunctionof theinputpulseamplitudesvhich
arenotyetdeterminedThereforeaniterative approachs applied
againwith theinitial assumptiorof . Becauséhestictionoccurs
between andTs, thesystenbehaeslikeasinglemassharmonic
oscillatorsuchthat

m*+k =0 (35)
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with theinitial and nal conditions

0=X2() xai() f=x2(T3) x1(T3)= o

0= X 4= xo(Ta) = (36)

Since nal statesarespeci ed,solvingEquation35for ¢ and -
yields

2 it o(T ) 3
sin!
0 _g4 cCoslg(Ts ) =22 0
S
0 lssinlg(Tz ) cosls(Ts ) 0
0 (37)
where! s = k=m,. Then,the e xible statesatt = arefound
in termsof o and .
m;
aqA)=—"o
o )= M1k, M2 (38)
- mi+ mo -

Constraintequationgequiredto solve for Ag, A; andA, are

Ao A]_ A2 =0 (39)
— 1
A ) = =, emyy [Aocos! Ajcos! ( Ty) (40)
Azcos! ( To)+f (1 cos! )]
- 1 i i
q )= m[Aosm! A'lsm!( T1) (41)
Azsin! ( Tp) fesinl ]

Becausegy( ) andq( ) shouldsatisfy Equation38, we have the
following simultaneougquation.

2 32 3
1 1 1 Ao
4cos! cosl ( Ti) cosl( T,)54A.5
sin! sin! T sin! T A
( 21) (O 2) 2 42)
=4my!2 o (1 cos! )5

mq! g+ f.sin!

TheresultingAo, A; andA; shouldsatisfythe conditionthatthe
velocity of the rst massatt = becomezero. Thevelocity of
the rst massatt = canbewrittenas:
m
xi()= ) Za)=0 (43)
1

where,q( ) is found from Equation38 and ( ) is found from
thefollowing equation.

1
= ————[Ac? A )% A Ty)? f¢ 2
() 2(my + mz)[ 0 1( 1) 2( 2)" e 7l
(44)
If the velocity constraintof the rst massatt = s violated,

the shouldbeupdatedUsingthe Newton-Raphsomethod the
new is updateddy thefollowing relationship.

)Sl( old)

X1( old) (49)

new — old

Theprocedurds repeatedintil  satis esthe conditionx;( ) =
0. The stuckpositionof the rst masswith the corverged be-

comes
my

ml+ m2

xa()= () 0 (46)

This valueshouldagreeto the value of x15 choserto determine
0, _o andAs shovn in Equation31. If x1( ) resultsin alarger
valuethanx s, thelargervalueof x ;5 shouldbe selectedThere-
fore,thenew x5 canbeupdatedby thefollowing relationship.
(47)

Xisnew = Xisold ¥ K[X1( ) Xisold]

where, K is the updategain. The procedureof designinga
controllerdiscussedo far is summarizedn Figure7. The con-

Given: Ty, Tp, T3, Ty, d
x1(Tz)  0:5d

qTs) 0 aTs) O

solvefor o, o,A3
(Eg. 45and50)

1

solve for q(T4), a(T4)
(Eq.53and54)

updatex;(Ts3)
(Eq. 68)

‘ solvefor o, - (EQ.58) ‘

solvefor Ay, Az, Az

update (Eq.63)

(Eq66)

computexs( ) (Eq.65)

N

Yes
Ao, A1, Az, Az

Fig. 7 Algorithm for the Controller Designunder Stiction

troller designso far assumeghat the rst massstaysstuck for

t T3. However, if the springforce is large enoughto
move the rst mass,the springforce shouldbe compensatedo
staystuck. Therefore the controlinput shouldbe modi ed such
that

sint g(t )

s

u= k gcoslg(t ) <t< T3

(48)
Thecorrespondingnew controlpro le is shavnin Figure8. It is
alsopossibleto compensatéhe springforcewith aconstantnput
force. De ne Umax andupyin asmaximumandminimum input
forcefor t  Ts. Theconstaninput canbe usedfor spring
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Fig. 8 Input Pro le with Spring Force Compensation

forcecompensatiosuchthat:

If Umax Umin < fs( t  Ts) (49)

U= Umax

NUMERICAL EXAMPLE

__600f 1
Z 400t 1
200+ 1
o .
9 407 0.05 0.1 0.15
= 1f -t o= 1
E -
£ P
< 05F _ i
J s
= -
0 - ‘ ‘
0 0.05 0.1 0.15
__0.04
[%2)
1
S
~o0.02f 4
<1 o - - . .
0 0.05 0.1 0.15

Time(seq
Fig. 9 Control Input and Responses{ = 0:001m)

The sameexample problemin Section is usedfor the new
controlpro le. Theboundaryconditionsfor the problemare

x1(0) = x2(0) = 0
x1(0) = x2(0)= 0

The pulsewidths are selectedsuchthat T; = 0:005sec, T, =

0:01sec,T3 = 0:09secandT, = 0:1 sec.Theresultingcontrol
input and response®f the systemare plottedin Figure9. It is
shavn from the responseplot thatthe rst massstuck position
is very closeto the half way of the desired nal position. The
rst massstaysstuckwithout compensatindor the springforce
becausehe springforce is smallerthat the staticfriction value.
If the spring force is greaterthan the static friction during the
stiction, the control input shouldbe modi ed to include spring
forcecompensation.

X1(Ts) = x2(T;) = 0:001

x3(T1) = x2(Ts) = 0 (50)

CONCLUSION

In this work, designtechniquedor pulseamplitudemodulated
controllersarepresentedA threepulsecontrollerswith userse-
lectedpulsewidth initiatesthemotionof themaneueringsystem
towardsits nal positionandthen exploits the friction force to
bring the coastingsystemto rest. This assumesunidirectional
frictional force which requiresthat the masswhich is subject

to friction hasa velocity pro le which doesnot changesign.
Variationsin the pulseamplitudeas a function of displacement
and modalfrequeng is studiedandit is notedthat for speci c
frequencies the proposedtechniqueresultsin infeasible solu-
tions. This problemcanbe addressetly selectingdifferentpulse
widths. Next, a modi cation of the threepulsecontrolpro le is
proposedwhich canaccountfor stiction and velocity reversals.
Thistechniquerequireshe springforceto becompensated it is
greatetthanthe staticfriction.
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