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ABSTRACT
In this paper, a techniqueto determinethe pulse amplitude

modulatedcontrol input for a frictional systemis proposed.A
userspeci�ed pulsewidth is usedto initiate the motion so asto
permit the systemto coastto the desired�nal positionafter the
�nal pulse,with zeroresidualvibrations.Theproposedtechnique
is illustratedon the�oating oscillatorwherethe�rst massis un-
derthein�uence of friction. Numericalsimulationillustratesthe
effectivenessof theproposedtechnique.

INTRODUCTION
Frictionis highly nonlinearin thelow velocityregionandwhen

thereis a velocity reversal. For precisepositioningandpointing
systems,dif�culty in control arisesnearthe desired�nal posi-
tion becauseof stiction. ConventionalPD and PID controllers
are known to causesteadystateerror and hunting.1 Yang and
Tomizuka2 developedtheadaptive pulsewidth control technique
for rigid body systems.The pulsewidth control can avoid the
problemsof huntingandvelocity reversalsby allowing the sys-
temto coasttowardsthedesiredposition. Successive pulsesare
applieduntil the desiredpositionis reachedwhile unknown pa-
rametersareadaptedat theendof theeachpulse.With thestatic
andCoulombfriction modelusedin,2 thefriction forceis consid-
eredconstantbecauseof theguaranteedunidirectionalmotionof
thesystem.Rathbun3 extendedthepulsewidth controlto the�e x-
ible two massspringdampersystem.He usedthesinglepulseto
studythestability boundon thepulsewidths. Althoughthecon-
troller is stable,the�e xible statesexcitedby theinput pulsewill
resultin undesirableresidualvibration. If thedampingis small,
thesettlingtimewill increasewhichwill increasethetotalmaneu-
ver time. In thispaper, pulseamplitudemodulatedcontrolpro�le
is proposedto eliminatetheunwantedvibrationat theendof the
maneuver. If positivevelocityof thefrictional bodyis maintained
during the maneuver, the friction force can be consideredas a
biasedinput andlineardesigntechniquescanbeused.Thevari-
ouscontrolpro�le hasbeenfoundvia Linearprogramming5 with
thepositive velocity of thefrictional body. In theproposedtech-
nique,thetime-delay�ltering technique4 is utilized for vibration
suppression.If stiction occursduring the maneuver, the control
pro�le hasto be modi�ed as illustratedin Section. Numerical
simulationsareperformedto verify theproposedcontrollers.

PROBLEM FORMULA TION
The �oating oscillatorunderthe in�uence of friction is illus-

tratedin Figure1, wherem1, m2 arethe�rst andsecondmass,k
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is thespringconstant,u thecontrolinput, f thefriction forceand
x1, x2 arethepositionsof the�rst andsecondmass.Theequation
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Fig. 1 Floating Oscillator under Friction

of motionof thesystemcanbewrittenas

M •x + K x = D(u � f ) (1)

whereM , K , andD are

M =
�

m1 0
0 m2

�
; K =

�
k � k

� k k

�
; D =

�
1
0

�

(2)
The friction force is modelledas a static nonlinearfunction of
thevelocity which accountsfor staticandcoulombfriction. The
friction modelcanberepresentedas:

f (x; u) =

8
<

:

f csgn( _x1) if _x1 6= 0
f ssgn(us) if _x1 = 0 andus > f s

us if _x1 = 0 andus � f s

(3)

where,f s is thestaticfriction, f c is thecoulombfriction andus

is thesumof theforcesappliedto the�rst mass,which is

us = u + k(x2 � x1) (4)

If the �rst massvelocity never goesto zero and stayspositive
duringthemaneuver, thefriction forcefor arest-to-restmaneuver
becomes

f = f c [1 � H (t � Tf )] (5)

where,H (�) is the Heaviside stepfunction and Tf is the �nal
time. With this friction model,Equation1 becomes

M •x + K x = D f u � f c [1 � H (t � Tf )]g (6)

It is moreconvenientto studythe�oating oscillatorsystemif the
decoupledequationof motion is used. De�ne new decoupled
statesz = [� ; q]T , where� and q denotesthe rigid and �e xi-
ble bodystatesof thesystem.The transformationmatrix V can
be found from the eigenvectorsof the system,which decouples
the systemwith the relationshipx = Vz. The decoupledstate
equationbecomes
�

•�
•q

�
+

�
0 0
0 ! 2

� �
�
q

�
=

� 1
m 1 + m 2

� 1
m 1 + m 2

�
f u � f c [1 � H (t � Tf )]g

(7)
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where,matrixV andnaturalfrequency ! are

V =
�
1 � m 2

m 1

1 1

�
; ! =

s
k(m1 + m2)

m1m2
(8)

For the rest-to-restmaneuver problem,the boundaryconditions
are

x1(0) = x2(0) = 0 x1(Tf ) = x2(Tf ) = d

_x1(0) = _x2(0) = 0 _x1(Tf ) = _x2(Tf ) = 0
(9)

where,d is thedesiredpositionat Tf . Theequivalentboundary
conditionsin decoupledstatesbecome

� (0) = _� (0) = 0 � (Tf ) = d; _� (Tf ) = 0

q(0) = _q(0) = 0 q(Tf ) = _q(Tf ) = 0
(10)

POLE-ZERO CANCELLA TION
In ourdevelopment,a threepulsepro�le is initially assumedas

shown in Figure2(a). Thepulsewidthsareselectedby theuser
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Fig. 2 Input Pro�le

andthepulseamplitudesaredeterminedto satisfytheboundary
conditions. Sincepositive velocity of the �rst massis assumed,
thenew input to the linearsystemis biasedby themagnitudeof
Coulombfriction asshown in Figure2(b). TheCoulombfriction
biasedinput canbewrittenas

u(t) � f c[1 � H (t � Tf )] = (A0 � f c) � A1H (t � T1)
+ A2H (t � T2) � A3H (t � T3) + f cH (t � Tf )

(11)
Becausethecontrolinputin Figure2(a)shouldbezerofor t � T3,
thefollowing is true.

A0 � A1 + A2 � A3 = 0 (12)

In order to eliminatethe vibration at the end of the maneuver,
zerosof the input shouldcancelthe �e xible modepolesof the
system.4 To cancelthe �e xible modepoles,Equation11 should
satisfythefollowing equation.

(A0 � f c) � A1e� sT1 + A2e� sT2

� A3e� sT3 + f ce� sT f js= � j ! = 0 (13)

Equation13canberewrittenas:

A0 � A1 cos! T1 + A2 cos! T2 � A3 cos! T3 = f c(1 � cos! Tf )
(14)

� A1 sin ! T1 + A2 sin ! T2 � A3 sin ! T3 = � f csin! Tf (15)

Thedisplacementof therigid bodyat the�nal time is sumof the
rigid bodydisplacementat t = T3 andthecoastingdisplacement
suchthat

� (Tf ) = � (T3) +
m1 + m2

2f c

h
_� (T3)

i 2
= d (16)

where,� (T3) and _� (T3) arefoundby solving therigid bodydif-
ferentialequationasfollows.

� (T3) = 1
2(m 1 + m 2 )

�
A0(T3)2 � A1(T3 � T1)2 + A2(T3 � T2)2

� f c(T3)2 ]
_� (T3) = 1

m 1 + m 2
[A0T3 � A1(T3 � T1) + A2(T3 � T2) � f cT3]

(17)
The �nal time canbe found by addingthe coastingtime to T3.
Since,satisfyingEquations14 and15 is equivalent to the �e xi-
ble statesbeingzeroat the �nal time, thecoastingtime is found
by solving the rigid body equationfor t > T3 andequatingthe
velocityof therigid bodyto bezero.The�nal timebecomes

Tf = T3 +
_� (T3)(m1 + m2)

f c
=

1
f c

(A1T1 � A2T2 + A3T3) (18)

An approachfor solvingfor the�nal timewill bepresentedin the
next section.

ZERO-RESIDUAL VIBRATION
If the�e xible motionstatesq(Tf ) and _q(Tf ) areforcedto zero

at the �nal time, residualvibrationwill beeliminated.Sincethe
�nal time in Equation18 is a functionof pulseamplitudes,Equa-
tion 14 and15 aredif�cult to solve. To solve this problem,the
statesof the �e xible modeat t = T3 that will force the �e xible
motion to be zeroat the �nal time arederived. Solutionsof the
�e xible modeequationat t = T3 are

q(T3) = � 1
! 2 (m 1 + m 2 ) [� f c � A0 cos! T3 + A1 cos! (T3 � T1)

� A2 cos! (T3 � T2) + A3 + f c cos! T3]
_q(T3) = � 1

! (m 1 + m 2 ) [A0 sin ! T3 � A1 sin ! (T3 � T1)
+ A2 sin ! (T3 � T2) � f c sin ! T3]

(19)
Theequationof motionof the�e xible modefor thecoastingpe-
riod with theinitial conditionof q(T3) and _q(T3) becomes

•qc + ! 2qc =
f c[1 � H (t � Tc)]

m1 + m2
(20)

where,qc is the �e xible modestatefor the coastingperiodand
the coastingtime Tc = Tf � T3. The solution to Equation20
becomes

qc(t) = f c
m 1 + m 2

h�
1

! 2 � cos ! t
! 2

�
�

�
1

! 2 � cos ! ( t � Tc )
! 2

�
H (t � Tc)

i

+ q(T3) cos! t + _q(T3 ) sin ! t
!

_qc(t) = f c
m 1 + m 2

�
sin ! t

!

�
� q(3� t)! sin ! t + _q(3� t) cos! t

(21)
At t = Tc, the �e xible motionshouldbeeliminated.By substi-
tutingTc into Equation21andequatingthemto zero,the�e xible
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statesat t = T3 which will forcethe�e xible statesto zeroat the
�nal timeare

�
q(T3)
_q(T3)

�
=

2

6
6
4

�
f c(cos! Tc � 1)
! 2(m1 + m2)

�
f c sin ! Tc

! (m1 + m2)

3

7
7
5 (22)

The�e xible statesat t = T3 shown in Equation22 will forcethe
�e xible motionto beeliminatedat theendof themaneuver if Tc

is known. However, thetotalmaneuver timeis afunctionof pulse
amplitudesandtherefore,aniterativeapproachis usedto �nd the
total maneuver time andTc. Rewriting the constraintEquations
12 and19 in termsof A1, A2 andA3, theconstraintequationsin
matrix form become
2

4
� 1 1 � 1

� cos! (T3 � T1) cos! (T3 � T2) � 1
� sin ! (T3 � T1) sin ! (T3 � T2) 0

3

5

2

4
A1

A2

A3

3

5

=

2

4
� 1

� cos! T3

� sin ! T3

3

5 A0 +

2

4
0

f c cos! T3 � f c + ! 2(m1 + m2)q(T3)
f c sin ! T3 � ! (m1 + m2) _q(T3)

3

5

(23)

To �nd initial valuesfor theinput pulseamplitudesandtotal ma-
neuvertime,solveEquation23for A1, A2, andA3 in termsof A0

by letting q(T3) = _q(T3) = 0. By substitutingA1, A2, andA3

into the rigid body constraintin Equation16, A0 canbe found.
Oncethe pulseamplitudesare found, the initial total maneuver
time is foundby substitutingthepulseamplitudesinto Equation
18. With this initial Tf , �e xible statesat t = T3 arecomputed
usingEquation22. Thenew pulseamplitudesandtotalmaneuver
time is calculatedwith this new �e xible statesat t = T3. This
procedureis repeateduntil the �e xible statesandtotal maneuver
timeconverge.

NUMERICAL SIMULA TION
Numericalsimulationsare usedto illustrate the performance

of the proposedcontrollers. The parametervaluesusedin the
simulationareshown in Table1. The�rst simulationis performed

Table1 ParametersUsedin the Simulation

symbol description value
m1 mass1 80K g
m2 mass2 100K g
! naturalfrequency 50 r ad=sec
up peakinput 1000N
f s staticfriction 137N
f c Coulombfriction 111N

with theinitial and�nal statesof

x1(0) = x2(0) = 0 x1(Tf ) = x2(Tf ) = 0:1
_x1(0) = _x2(0) = 0 _x1(Tf ) = _x2(Tf ) = 0

(24)

The pulsewidths arechosensuchthat T1 = 0:1 sec,T2 = 0:2
secandT3 = 0:3 sec.Theresultingcontrol input andresponses

areshown in Figure3. Thesolid line representsthe�rst massand
the dashedline representsthe secondmass.It is shown that the
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Fig. 3 Thr eePulseControl Input and Responses(d = 0:1)

�rst massvelocity is alwayspositive andthereforeunidirectional
friction force is appliedto thesystemduring themaneuver. The
systembeginstocoastatt = 0:3 secandtheundesirablevibration
is eliminatedat the �nal time. The �e xible stateat t = 0:3 are
forcedsuchthatat the �nal time the�e xible statesbecomezero,
which resultin zeroresidualvibration.

Figure 4 shows the pulseinput amplitudechangedue to the
changesin thecommanddisplacement.Thepulsewidthsarese-
lectedthe sameas previous examplesuchthat T1 = 0:04 sec,
T2 = 0:08 secand T3 = 0:12 sec. The velocity of the mass
becomeszeroduring themaneuver if d < 0:0039m which cor-
respondsto the lower displacementboundwith thechosenpulse
widths. Becauseof the control input saturation,differentpulse
widths areselectedfor d > 0:278 m. The plot of the pulsein-
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put amplitudesfor differentnaturalfrequency valuesareshown
in Figure5 with thesameinput pulsewidths. It is alsoshown in
Figure5 thattherearenofeasiblesolutionsin thefrequency range
from 76 to 79 rad/sec.This is becausethematrix in Equation23
becomessingularwhentheswitchingtime is chosensuchthat:

! (T3 � T2) = 2n� or ! (T3 � T1) = 2n� (25)
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where,n is a positive integer. Thereforedifferentpulsewidths
shouldbe selectedfor designinga controller if the pulsewidths
chosenmake theconditionnumberof thematrix in Equation23
very large.
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Fig. 5 PulseAmplitudes vs. Natural Frequency

SYSTEMSWITH STICTION
Whenthecommanddisplacementis small,it maynotbefeasi-

ble to �nd asolutionwhichwill guaranteepositivevelocityof the
�rst mass.If thevelocitybecomeszeroduringthemaneuver, stic-
tion mightoccur. If stictionis consideredin thecontrollerdesign,
thecontrolpro�le is assumedto beasshown in Figure6. In the
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Fig. 6 Input Pro�le with stiction

�gure, � is the time whenthevelocity of the �rst massbecomes
zeroandthecontrollerassumesthatthe�rst massstaysstuckfor
� � t � T3. During stiction,thesumof theappliedforcesto the
�rst massshouldbelessthanor equalto thestaticfriction value.
Sincetheinput is zeroduringthestiction,theconditionof staying
stuckbecomes

k[x2(t) � x1(t)] � f s (� � t � T3) (26)

If theabove conditionis not met,thespringforcehasto becom-
pensatedto force the �rst massto staystuck for � � t � T3.
Springforcecompensationis consideredlaterin thesection.De-
�ne therelativedisplacementandvelocityat t = T3 as

� 0 = x2(T3) � x1(T3); _� 0 = _x2(T3) (27)

First, � 0, _� 0 andA3 aredeterminedwhichwill satisfythebound-
ary conditionwithout theresidualvibrationat the�nal time. The

�e xible statesat t = T4 in termsof � 0 and _� 0 are

q(T4) = � 1
! 2 (m 1 + m 2 ) [A3 � f c � A3 cos! (T4 � T3)

+ f c cos! (T4 � T3)] + m 1 cos ! (T4 � T3 )
m 1 + m 2

� 0 + m 1 sin ! (T4 � T3 )
! (m 1 + m 2 ) _� 0

_q(T4) = � 1
! (m 1 + m 2 ) [A3 sin ! (T4 � T3) � f c sin ! (T4 � T3)]

� m 1 ! sin ! (T4 � T3 )
m 1 + m 2

� 0 + m 1 cos ! (T4 � T3 )
m 1 + m 2

_� 0

(28)
Equation28 is solvedfor � 0 and _� 0.

�
� 0

_� 0

�
=

"
cos ! (T4 � T3 ) � 1

m 1 ! 2

sin ! (T4 � T3 )
m 1 !

#

A3 +

"
f c [1� cos ! (T4 � T3 )]

m 1 ! 2

� f c sin ! (T4 � T3 )
m 1 !

#

+
m1 + m2

m1

�
cos! (T4 � T3) � sin ! (T4 � T3 )

!
! sin ! (T4 � T3) cos! (T4 � T3)

� �
q(T4)
_q(T4)

�

(29)

Thedisplacementboundaryconditionis

� (Tf ) = � (T4) +
m1 + m2

2f c
[ _� (T4)]2 = d (30)

where,� (T4) and _� (T4) are

� (T4) = x1s + A 3 � f c
2(m 1 + m 2 ) (T4 � T3)2 + m 2

m 1 + m 2
[� 0 + _� 0(T4 � T3)]

_� (T4) = A 3 � f c
m 1 + m 2

(T4 � T3) + m 2
m 1 + m 2

_� 0

(31)
x1s is the �rst masspositionunderstiction, which is unknown.
Therefore,aniterative procedureis requiredstartingwith theini-
tial x1s. For small displacements,an initial x1s closeto half of
thedisplacementto bemovedmakesagoodstartingpoint. Then,
� 0, _� 0 andA3 canbe computedsimilar to the approachfor the
nonstictioncase.Assumingq(T4) = _q(T4) = 0 initially, solve
� 0 and _� 0 in termsof A3 from Equation29. A3 is foundfrom the
displacementboundarycondition in Equation30. With the ini-
tial solutionsof � 0, _� 0 andA3, the�e xible bodystatesat t = T4

whichwill eliminatetheresidualvibrationarefoundasfollows.

q(T4) = �
f c(cos! Tc � 1)
! 2(m1 + m2)

(32)

_q(T4) = �
f c sin ! Tc

! (m1 + m2)
(33)

where,thecoastingtimeTc is

Tc =
1
f c

[(A3 � f c)(T4 � T3) + m2 _� 0] (34)

This procedureis repeateduntil the �e xible statesat t = T4 and
totalmaneuvertimeconverge.Once� 0 and _� 0 aredetermined,the
stateconstraintsat t = � shouldbefoundto solve for A0, A1 and
A2. However, � is a functionof theinputpulseamplitudeswhich
arenotyetdetermined.Thereforeaniterativeapproachis applied
againwith theinitial assumptionof � . Becausethestictionoccurs
between� andT3, thesystembehaveslikeasinglemassharmonic
oscillatorsuchthat

m2
• + k = 0 (35)
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with theinitial and�nal conditions

 0 = x2(� ) � x1(� )  f = x2(T3) � x1(T3) = � 0
_ 0 = _x2(� ) _ f = _x2(T3) = _� 0

(36)

Since�nal statesarespeci�ed,solvingEquation35for  0 and _ 0

yields

�
 0
_ 0

�
=

2

4 cos! s(T3 � � ) �
sin ! s(T3 � � )

! s
! s sin ! s(T3 � � ) cos! s(T3 � � )

3

5
�

� 0

_� 0

�

(37)
where! s =

p
k=m2. Then,the�e xible statesat t = � arefound

in termsof  0 and _ 0.

q(� ) =
m1

m1 + m2
 0

_q(� ) =
m1

m1 + m2

_ 0
(38)

Constraintequationsrequiredto solve for A0, A1 andA2 are

A0 � A1 � A2 = 0 (39)

q(� ) = 1
! 2 (m 1 + m 2 ) [A0 cos! � � A1 cos! (� � T1)

� A2 cos! (� � T2) + f c(1 � cos! � ) ]
(40)

_q(� ) = � 1
! (m 1 + m 2 ) [A0 sin ! � � A1 sin ! (� � T1)
� A2 sin ! (� � T2) � f c sin ! � ]

(41)

Becauseq(� ) and _q(� ) shouldsatisfyEquation38, we have the
following simultaneousequation.

2

4
1 � 1 � 1

cos! � � cos! (� � T1) � cos! (� � T2)
sin ! � � sin ! (� � T1) � sin ! (� � T2)

3

5

2

4
A0

A1

A2

3

5

=

2

4
0

m1! 2 0 � f c(1 � cos! � )
� m1! _ 0 + f c sin ! �

3

5

(42)

TheresultingA0, A1 andA2 shouldsatisfytheconditionthatthe
velocity of the�rst massat t = � becomeszero.Thevelocity of
the�rst massat t = � canbewrittenas:

_x1(� ) = _� (� ) �
m2

m1
_q(� ) = 0 (43)

where, _q(� ) is found from Equation38 and� (� ) is found from
thefollowing equation.

� (� ) =
1

2(m1 + m2)
[A0� 2 � A1(� � T1)2 � A2(� � T2)2 � f c� 2]

(44)
If the velocity constraintof the �rst massat t = � is violated,
the� shouldbeupdated.UsingtheNewton-Raphsonmethod,the
new � is updatedby thefollowing relationship.

� new = � ol d �
_x1(� ol d)
•x1(� ol d)

(45)

Theprocedureis repeateduntil � satis�esthecondition _x1(� ) =
0. Thestuckpositionof the �rst masswith theconverged� be-
comes

x1(� ) = � (� ) �
m2

m1 + m2
 0 (46)

This valueshouldagreeto thevalueof x1s chosento determine
� 0, _� 0 andA3 shown in Equation31. If x1(� ) resultsin a larger
valuethanx1s, thelargervalueof x1s shouldbeselected.There-
fore, thenew x1s canbeupdatedby thefollowing relationship.

x1s;new = x1s;ol d + K [x1(� ) � x1s;ol d] (47)

where, K is the updategain. The procedureof designinga
controllerdiscussedso far is summarizedin Figure7. The con-
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(Eq66)
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(Eq. 68)

Fig. 7 Algorithm for the Controller Designunder Stiction

troller designso far assumesthat the �rst massstaysstuck for
� � t � T3. However, if the spring force is large enoughto
move the �rst mass,the springforce shouldbe compensatedto
staystuck. Therefore,thecontrol input shouldbemodi�ed such
that

u = � k
�
 0 cos! s(t � � ) � _ 0

sin ! s(t � � )
! s

�
� < t < T3

(48)
Thecorrespondingnew controlpro�le is shown in Figure8. It is
alsopossibleto compensatethespringforcewith aconstantinput
force. De�ne umax andumin asmaximumandminimum input
forcefor � � t � T3. Theconstantinput canbeusedfor spring
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Fig. 8 Input Pro�le with Spring ForceCompensation

forcecompensationsuchthat:

u = umax if umax � umin < f s(� � t � T3) (49)

NUMERICAL EXAMPLE
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Fig. 9 Control Input and Responses(d = 0:001m)

The sameexampleproblemin Section is usedfor the new
controlpro�le. Theboundaryconditionsfor theproblemare

x1(0) = x2(0) = 0 x1(Tf ) = x2(Tf ) = 0:001
_x1(0) = _x2(0) = 0 _x1(Tf ) = _x2(Tf ) = 0

(50)

The pulsewidths areselectedsuchthat T1 = 0:005 sec,T2 =
0:01 sec,T3 = 0:09 secandT4 = 0:1 sec.Theresultingcontrol
input andresponsesof the systemareplotted in Figure9. It is
shown from the responseplot that the �rst massstuckposition
is very closeto the half way of the desired�nal position. The
�rst massstaysstuckwithout compensatingfor the springforce
becausethe springforce is smallerthat the static friction value.
If the spring force is greaterthan the static friction during the
stiction, the control input shouldbe modi�ed to includespring
forcecompensation.

CONCLUSION
In this work, designtechniquesfor pulseamplitudemodulated

controllersarepresented.A threepulsecontrollerswith userse-
lectedpulsewidth initiatesthemotionof themaneuveringsystem
towardsits �nal positionand thenexploits the friction force to
bring the coastingsystemto rest. This assumesunidirectional
frictional force which requiresthat the masswhich is subject

to friction has a velocity pro�le which doesnot changesign.
Variationsin the pulseamplitudeasa function of displacement
andmodal frequency is studiedand it is notedthat for speci�c
frequencies,the proposedtechniqueresults in infeasiblesolu-
tions.This problemcanbeaddressedby selectingdifferentpulse
widths. Next, a modi�cation of the threepulsecontrolpro�le is
proposedwhich canaccountfor stiction andvelocity reversals.
This techniquerequiresthespringforceto becompensatedif it is
greaterthanthestaticfriction.
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