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Abstract

This article proposesa technique for the selection of
the -setfor a probability distribution approximation
Iter, i.e. the unsceried Iter. The -setis selected
soasto capture the higher order input statistics. The
Taylor seriesexpansionis used to illustrate that the
3" order and higher statistics of the nonlinear trans-
formation can be reproducedwhile the unscened Iter

captures the statistics up to the 3" order only. Two
benchmark problems are usedto corroborate the pro-
posedsolution.

1 Intro duction

Recerily, there has been an increasing interest in the
developmert of techniques for nonlinear estimation,
which can approximate the statistics of the processas
accurately as possible[1, 2, 3].

The process of state estimation combines a priori
knowledge about the state and its transition dueto a
set of inputs, with a sequenceof measuremets. Gen-
erally, the state estimate is recursively obtained in two
stages: (i) the prediction and (ii) the update. The well
known optimal state estimator utilizes the analytical
probability density function (pdf) to predict the states
using the total probability theorem and subsequetly
usesthe measuremen to update with Bayes' rule [4].
Since this optimal estimator requires storing the pdf
and integrating it, often resulting in impractical algo-
rithms, techniqueshave beendevelopedto approximate
the optimal estimator. A majority of algorithms sud
as the extended Kalman Iter (EKF), divided dier-

ence lter (DDF), unsceried Kalman Iter (UKF) etc.,
focuson approximating the prediction probability char-
acteristics and usethe standard linear minimum mean
squareerror estimator. The EKF uses rst order Tay-
lor series,which can be improved by higher order ap-
proximations [5] at the costof computational e ciency .
N rgaard et al. [1] exploited polynomial interpolations
of the nonlinear transformations replacing the analyt-
ical Jacobian of the EKF with numerically evaluated
divided di erences (DDF). The Gaussian Iter applied

by Ito et al. [6] numerically integrates the predictor
step and yields, depending on the integration scheme,
i.e. certral di erence Iter (CDF), resultssimilar to the
DDF. However, Ito statesthat the Gauss-Hermiterule
outperforms the CDF. Emulating a Monte Carlo sim-
ulation, Julier and Uhiman [2] perform the prediction
of the statistics with a set of carefully chosensample
points.

On the other hand, researt has focused on the up-
date equation (essetially Bayes' rule), which is opti-
mal when one has perfect knowledge of the pdf. The
particle Iter (PF) represerts the required pdf's by a -
nite sum basedon samples(or particles) drawn from an
assumeddistribution [3, 7, 8, 9]. Di culties arise with
the selectionof the proposaldistribution, which canbe
simplied by combining the unsceried Iter (or EKF)
with the particle lter as shown by van der Merwe
et al. [8]. The UKF generatesapproximations of the
prior distribution with adjustable accuracy Challa
and Bar-Shalom [10] numerically propagate the prior
pdf through the Fokker-Plandk-Kolmogorov equation,
wherethe negligible tails of the distribution are identi-
ed by Chebyshev'sinequality. Although this approac
solvesthe optimal estimator, its computational e orts
are large compared to any of the approades, which
emulate the Monte Carlo simulations.

The probability distribution approximation Iter
(PDAF) termed unsented Filter by Uhiman and
Julier [2] has been deweloped in the context of state
estimation of dynamic systems,for example fast mov-
ing robots. Initial application to parameter estimation
of this technique has beenproposedby van der Merwe
and Wan [8]. The unsceried Iter carefully selectsa
set of stencilscalled the -set, which exhibits the same
statistical properties (mean, momerts) to a certain de-
greeasthe true distribution of the state. The -setis
propagatedthrough the state equationsand the statis-
tics of the predicted state is the result of a weighted
sum, which agreesup to the third order of the Taylor
seriesof the true mean and covariance. The proposed
technique modi es the selectionofthe -setto arriveat
a design spacecapable of approximating higher order
input momerts and thus approacing the true mean
and covariance.



2 The Unscented Filter

Consider a nonlinear transformation of the random
variable X with mean x and variance Py

Y = g(X); 1)
wherewe would like to approximate the statistics of the
transformed random variable Y, for examplethe mean
and variance. Note, that this paper improves on the
approximation of the statistics of the aformentioned
transformation, which can be seenas the prediction
algorithm of the state estimation.

The unsceried Iter selectsa -setconsistingof2n+ 1
points, which are perturbations from the mean by a
scaleddeviation. The deviations ; are de ned asthe
columns of the matrix squareroot of Py [2].
p
= Py (2)
The -setis de ned as:
o = X D (3)
i = ot (n+ ) ; for i=1:::2n; (4)
such that the -setexhibits the sameprobabilistic char-

acteristics as the random variable X and is a free
variable of the unscenied lter. The weighting scheme

wn
= Wi %)
i=0
)gn
P = wi(i )? (6)
i=0
where Wo = — (7)
_ 1
Wi = m 8)

has been selectedto match the rst four certral mo-
ments of X, i.e.

X = Py =P 9)

i= %=0 4= ¢ (10)

which is true for all Gaussianrandom variablesif is
selectedto satisfy the constraint, n+ = 3.

The points are transformed by the nonlinear relation-
ship
i=gi;t] for i=1:::2n (12)
and the estimate of the mean and variance of Y is ob-
tained by the sameweighting scheme:
)gn
= Wi j (12)
i=0
)%n
P = wi( i )% (13)
i=0
wherethe weights remain the sameasfor matching the
input momerts, equations7 and 8.

3 The Higher Order Unscented Filter

It is a well known fact that the Unscented Filter de-
scribed by equations 12, 13 exhibits an accuracyin es-
timating the statistical characteristics up to the second
momert. This has beenachieved by selectinga -set
resenbling the input statistics. By utilizing the Taylor
seriesexpansionit can be shavn that the transformed
statistics match the covariance up to the third order,
i.e. errors are introduced at the fourth and higher or-
ders[2].

Since the higher order terms of the Taylor seriescon-
sist of a combination of higher order momerts, it is es-
sertial to correctly estimate these momerts to achieve
an increasein the performance of the estimator. Ap-
pendix A shows the derivation of the Taylor seriesex-
pansion. The following sectionintro ducesan algorithm
matching higher order momerts of the input.The per-
formance increaseis illustrated on a simple example.

The higher order unsceried Iter (HOUF) remainsthe
same structure as the original unsceried lter. The
HOUF consists of an augmerted -set with separate
weights. The new -set can be constructed as follows:

o = X 0 (14)
i = o+ m+ i (15)
for P = 15 2y, m

wherem = n + qis the augmerted dimensionand q is
the number of additional points. The statistical prop-
erties of the -setare de ned by the weighted sums:

= Wi (16)

) 17)

1
=

where and ' represen the meanand thejth certral
momert.

3.1 2- HOUF

The statistics of the -set are selectedto match the
statistics of the input X . This procedureis exempli ed
for the HOUF with two 's, ; and 5. Expanding
equations 16 and 17 up to the eighth certral momert,



yields the following relationships:

1 = wp+ 2wy + 2wy (18a)
P« = 2(m+ )(wp 7+ wy 3) (18b)
3 =0 (18¢)
x = o2m+ (w1 wy ) (18d)
> =0 (18e)
g o= 2m+ )(wy T+ wy 5) (18f)
x = 0 (189)
o= 2m+ )'wp f+ws §);  (18h)

where | is the it certral momert of X. With the
knowledge of the input momerts we are able to solve
for the points j, the weights w; and . The general
solution becomegather di cult to presernt and onehas
to decideon a caseby casebasisabout possiblesimpli-
cations. The following transformation of the weights
and the requiremert of the standard unscened lIter

m+ = 3leadto an amenablesolution in the partic-

ular caseof Gaussianmomerts.
Wi = 2(m+ )wy wh=2m+ Ywy  (19)

The equations 18 can be rewritten as:

m + = (Mm+ )wo+ wj+ wh (20a)
Po = Wi Pew) 2 (20b)
3P2 = W, t+w, g (20c)
5 .

3P =W P g (20d)
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Opl o= w e (20¢)

yielding a set of 5 equationsfor the 5 unknown param-
eters.

In contrast to the unscened Iter, which assumesthe
sameweights w; for all ; fori > 0, solving equations20
requires two independent weights w; and ws. Assum-
ing w; = wy, Equation 18, for example, can be written
as: 15

m"f’ = ( D+ (3% (21)
which according to Fermats Last Theorem [11] does
not have any nonzerointeger solution Py, 2 and 2.
However, employing an analytical solver, a solution can
be obtained in the following form:

r |

2 = g ? Py (22a)
AR (22b)
wp = 6—102;2—23:)( (22¢)
I e 3F)(Pz)( Py e
W = 1 2(wp+ wo) (22e)

For example, considerthe nonlinear transformation:
Z=jXj; (23)

where X is a zeromean Gaussianrandom variable with
variance Py. It is a well known fact that the trans-
formed random variable Y is non-Gaussianand its odd-
order momerts are non-zero. A Monte Carlo (MC)
simulation with 25 million sampleshasbeenperformed
and the resulting momerts are shovn in Table 1 along
with the estimates of the Higher Order Unscented Fil-
ter and the standard Unscened Filter (UF). The pa-
rameters for the HOUF are derived from equation 22
and listed in Table2. We arrive at two solutions, which
in turn are identical sincethe indices are swapped, i.e.

1 becomes 5 and vice versa, etc. Observing Table 2,

Table 2: Solution of the Higher Order Unscerted Filter

Lo [ o [ w [ w [ w [ ]
1.6495| 0.7827| 0.5333| 0.0113| 0.2221| 1
0.7827| 1.6495| 0.5333| 0.2221| 0.0113| 1

the even order momerts of the transformed random
variable Z remain the sameas the input X, whereas
the odd order momerts change signi cantly. The UF
matchesthe MC's even order momerts up to the fourth

order, while the odd order momerts dier. The HOUF
closely approximates the even and odd order momerts
of the MC simulation up to the eights order momert.

For greater clarity, we expand the above exampleto a
problem with known analytical solution. Let the ran-
dom variable Y describethe distanceof a particle above
a barrier [12]. The particle at the initial position x; is
traveling with a velocity of vg, then the distance from
the barrier is given as:

y = jXo+ Votj : (24)

Now, let the initial position X, be a Gaussian dis-
tributed random variable with unit variance Py and
zero mean such that

Y = g(X;t) = jXj; (25)

where X = N (vot; 1) is a Gaussian random variable
with atime varying mean. The distance of the patrticle
exempli es a function with varying level of nonlinear-
ity since for a larger distance of the particle from the
barrier the transformation becomesalmost linear, i.e.
Y = X and only the tails of the Gaussiandistributed
X are e ected by the nonlinear transformation. The
analytical solutions of the mean and variance can be
derived with standard proceduresof probability the-
ory, which are:

r

2Py

e 2

1 (vot)?
Px

; (26)

y=EfYg= voterf(pﬂ) +
2Py



Table 1: Moments of the transformation Z = jXj

P,=1 Momen ts

1 2 3 4 5 6 7 8
[ input X \
[0 1 0 3 0 15 0 105 |
| transformed  Z = jX] \
MC 0.7980 1.0005 1.5971 3.0035 6.3926 15.0283 38.2514 104.8600
UF 0.5774 1.0000 1.7321 3.0000 5.1962 9.0000 15.5885 27.0000
HOUF | 0.6667 1.0007 1.6335 3.0056 6.3351 15.0467 38.8505 105.3871

Figure 1: Optimal solution minimizing the meanand vari-
ance error

Py=E (Y y)? =Px+ (vt)? y*: (27)

The goal is to estimate the meany and the variance
Py as accurately as possibleas a function of the -set
and the weights w;. The optimal solution is obtained
by constructing a cost function consisting of the square
error of the mean and variance estimate.

J(iswi) = (y

The cost function J( j;w;) can be minimized for the
unsceried Iter (equations 12, 13) with respect to the
design variables ; and w;, where wy = —— and
n+ = 3 has beenassumed. The numerically de-
termined optimal ; and w; are shown in Figure 1 for
a time varying mean vot within the interval [ 3 3].
The \jumps", for exampleat vyt = 1:3, result from the
selectednonlinear function, the absolute value, which
is part of the weighted sequencein equations 12 and
13. Furthermore, the suggested -set and weights by
Uhlman and Julier [2] are illustrated by the dashed
lines. The optimal solution approachesUhiman's -set
as the input mean increasesand the in uence of the
nonlinearity vanishes.

>+ (Py P)? (28)

Figure 2 shows the analytical mean and deviation, i.e.
the squareroot of the variance, for atime varying mean
of the input X . The optimal solution (Figure 1) closely

matchesthe analytical solution. Both unsceried lters
reasonably approximate the mean of the particles dis-
tance, whereasthe HOUF better describes its devia-
tion, which is the result of matching the higher order
momerts.

3.2 3- HOUF

The performance of the HOUF depends on the num-
ber of auxiliary 's, wherea larger -setshould better
approximate the true solution. The expansionto 3 's
enablesthe HOUF to match up to the twelfth order
momert. Solving an expanded set of equations simi-
lar to equations 20, yields the parameters, which are
shavn in Appendix B. Figure 3 comparesthe true so-
lution with the HOUF for 2 and 3 's for the particle
above a barrier example. It canbe seenthat 3- HOUF
approachesthe true solution.

4 Conclusion

The unscenred lter by Uhiman and Julier [2] matches
up to the fth order momernt of the input variable (as-
suming a Gaussian distribution), whereasthe trans-
formed covariance intro duceserrors at the fourth and
higher orders of a Taylor seriesexpansion. The higher
order unsceried Iter is capableof matching any desir-
able input momert by selectinga modied -set. This
results in a higher order approximation of the trans-
formed covariance. This hasbeenshaowvn on an example
with variable degreeof nonlinearity, i.e. the distance
of a particle above a barrier.

The improved approximation of the transformed mean
and covariance can be utilized in dynamic estimations
such as Kalman lItering. With the assumption of
Gaussiandistribution of the state throughout its prop-
agation the HOUF can approximate the meanand co-
variance with adjustable accuracy On the contrary,
a larger -setincreasesthe computational load, which
leadsto a trade-o depending on the nonlinear trans-
formation. As we have seenfrom the aforemenioned
example, after one transformation the Gaussian as-
sumption does not hold and odd order certral mo-
mens are generated. Based on the characteristics of

p. 4
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Figure 2: Deviation of the distance of a particle above a
barrier

the nonlinear function it might be desirable to track
higher order momerts, which can be approximated by
the HOUF after slight modi cation of the matching
equations.

The HOUF derived in this paper currently applies to
onedimensional systems,but its algorithm is amenable
to addressmulti-dimensional extensions.
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A The Taylor Series Expansion

Describing the nonlinear transformation of equation 1
via a Taylor seriesabout the mean X , we have:

_ dg
gX + X)=ax) + G X
2
+ iﬂ X2
20 dx? ¢
3
+ iﬂ X3
3l dx3 ¢
+ (29)

The mean and variance of the transformed random
variable can be determined by taking expectations of
the Taylor series

Y = EfYg
_ 1d%g 1d%g 3 ...
= g(X)+ZWx+§RE X° 4+
N o (30)
P, = E Y Y?
" dg 1d%g 2 #
T & ade BT
d_g@ i@ 2E X3
dx dx2 3ldx3
1 d*gd’g

It is evident that the Taylor approximation of the mean
and variance dependson the higher order momerts of
the input X.

B 3- HOUF optimal Parameters

Employing an analytical solver to the expandedset of
equations20, a solution for the optimal setcanbe ob-
tained by sequetially solving the following three equa-
tions.

95 B3P 5+ 102 2 35P3=0 (32
31+(3 2 21P,) 7 21P, 2+3 3+35P, = 0 (33)
3+ 1+ 3 TP=0 (34)

The closedform solution of the weights is:

_ (126P3+ 18 § 72 4P, 54 2P2) 2 567+ 98P3 2+ 666P2 4+ 27 8

270 $P,

1
54 % 3( ¢ %)(?é N3

_5P2 3P 7 3Pk 2+37% 2

"= Tg(7 (2 D) (36)
(2 ) sp?
R IO B O B 37)
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